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Note 18 Heat Engines
Sections Covered in the Text: Chapter 19, except Brayton Cycle, 19.4 & 19.5

It is generally accepted that the steam engine powered
the industrial revolution. The steam engine was
developed at the beginning of the 19th century by
enthusiasts and entrepreneurs working by trial and
error. It remained for scientists and engineers to ex-
plain the working of the steam (heat) engine and the
refrigerator in solid theoretical terms.

We have seen how work can be transformed into
heat. Any process involving friction will do. In this
note we investigate the more interesting and useful
reverse case—how heat can be transformed into work.
This is what a heat engine does. A refrigerator is a
variant of the heat engine; it does work to move heat
from a colder object to a hotter one. In this note we
study the principles of operation of these devices and
the factors that limit their efficiency of operation. Our
objective is to understand the working of the Carnot
engine, the most efficient of the heat engines.

Thermodynamics Revisited
Recall the two major laws of thermodynamics:
First Law Energy is conserved; i.e., ∆Eth = W + Q.
Second Law Most macroscopic processes are irrever-

sible. Heat can move spontaneously
from a hotter to a colder system but
never in the reverse direction.

We shall see that these laws play an important role in
the functioning of the heat engine.

Work Done By the System
In previous notes we focussed our attention on the
work done on a system by the environment. In this
note the system itself is the engine under study so we
shall naturally shift our perspective from the environ-
ment to the system. The work done by an ideal gas
system on the environment (which we shall denote by
WS in place of W) is equal to the area under the pV
curve of the ideal gas. WS is positive when energy is
transferred out of the system by a mechanical
interaction.

The first law of thermodynamics written in terms of
WS = – W is

€ 

Q =WS + ΔEth . …[18-1]

Thus we can say that any energy transferred into a
system as heat is either used to do work or stored in
the system as an increased thermal energy.

In our description of the heat engine to follow we
shall employ a number of concepts we have not en-

countered before. We begin by defining them.

Energy Reservoir
An energy reservoir is an object or a part of the
environment so large that its temperature and thermal
energy do not change when heat is transferred into it
or out of it. A reservoir at higher (lower) temperature
than the system is called a hot (cold) reservoir. We
denote their temperatures as TH and TC, respectively.

Energy Transfer Diagrams
A heat engine is conventionally described pictorially
by a drawing called an energy transfer diagram. For
example, Figure 18-1a shows a heavy copper bar (the
system) serving as a heat path between a hot reservoir
and a cold reservoir. Heat QH is transferred from the
hot reservoir into the copper bar and heat QC is trans-
ferred out of the copper bar into the cold reservoir.
The energy transfer diagram for this process is drawn
in Figure 18-1b.

Figure 18-1a. An idealized system that transfers heat from a
hot reservoir to a cold reservoir.

Figure 18-1b. The energy transfer diagram for the process
illustrated in Figure 18-1a.
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We can show that QC = QH.1 Applying the first law of
thermodynamics to the system (the copper bar) we
have Q  = W S + ∆E th, where Q  is the net heat to the
system, that is, Q = QH – Q C. Now the work done by
the system WS = 0. Also, once the bar reaches a steady
state, ∆Eth = 0. It follows, therefore, that QC = QH. This
condition also applies to the process drawn in Figure
18-1c. That process, however, depicts heat flowing
spontaneously from a colder object to a hotter object;
we have already seen in Note 17 that this process is
forbidden by the second law of thermodynamics.

Figure 18-1c. A process in which heat flows spontaneously
from a colder object to a hotter object is forbidden by the
second law of thermodynamics.

Work into Heat and Heat into Work
The energy transfer diagram for a general transfer of
work into heat is drawn in Figure 18-2. The process
this diagram represents might be as simple as the act
of rubbing two stones together until their temperature
rises, and then placing the hot stones into a large pot
of cold water. Doing work on the stones by rubbing
them together increases their thermal energy by an
amount equal to the work done: W → ∆Eth. When the
stones enter the cold water the thermal energy just
acquired flows as heat from the stones to the water:
∆Eth → QC.

This process can be 100% efficient. That is to say, all
the energy supplied to the system as work W  is
ultimately transferred to the water as heat Q C. This
transfer can continue as long as we rub two more
stones together and continue the process.

On the other hand, the reverse process, of trans-
                                                                        
1 This is a kind of equation of continuity of heat much like the
equation of continuity of fluid encountered in Note 14. As the heat
flows down the bar no heat is gained or lost.

forming heat into work, can be shown to be a process
that cannot take place continuously. You can see this
by studying Figure 18-3 which shows an idealized
apparatus for transforming heat into work.

Figure 18-2. Work can be transformed into heat with 100%
efficiency.

Figure 18-3. An isothermal process transforms heat into
work, but only as a one-time event.

The apparatus consists of a quantity of gas contained
in a cylinder with insulated walls and with a close-
fitting piston. The piston supports a mass M . The
uninsulated base of the apparatus is heated over an
open flame.

Heat is transferred from the flame to the gas. The gas
expands at constant temperature and lifts the mass
through some distance ∆x. The temperature of the gas
remains constant because the heat energy from the
flame is used to do the work of lifting the mass. In this
isothermal process ∆Eth = 0 and so the first law
requires WS = Q.

The apparatus has a limitation of all such designs.
As a result of the work done the state of the gas is
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changed; it is no longer in its initial state. The process
of lifting the piston cannot continue indefinitely.
Eventually, the piston will reach the top of the cylin-
der and blow out the top. The point is that a practical
device for transforming heat into work must be made
to return to its initial state at the end of the process. In
other words, the device must work in a cycle. This
leads to the hypothesis that a perfect engine, one that
transforms heat into work with 100% efficiency
(Figure 18-4) does not exist (or as we shall see is
forbidden by the second law of thermodynamics).

Figure 18-4. The perfect engine that turns heat into work
with 100% efficiency is forbidden by the second law of
thermodynamics.

Heat Engines and Refrigerators
A heat engine is any closed-cycle device that extracts
heat QH from a hot reservoir, does useful work, and
then exhausts heat QC to a cold reservoir. A closed-
cycle device is one that periodically returns to its initial
state, repeating the same process over and over. A
heat engine can do useful work for as long as it is
attached to its reservoirs. The energy-transfer diagram
of a generic heat engine is drawn in Figure 18-5. The
engine is connected to both a hot and a cold reservoir.

Let us calculate the efficiency of this engine. Because
a heat engine works in a cycle,

€ 

ΔEth( )net = 0 . …[18-2]

This means that the first law of thermodynamics for
one full cycle of a heat engine is (∆Eth)net = Q + W = Q
– WS = 0.

If we write Wout = W as the useful work done by the
heat engine per cycle we can also write for the first
law

€ 

Wout =Qnet =QH −QC  per cycle …[18-3]

This is essentially the mathematical description of the
engine in Figure 18-5.

The performance of a heat engine is conventionally
quantified by a thermal efficiency η defined as:

Figure 18-5. The energy transfer diagram of a heat engine.

€ 

η =
Wout

QH

=
work  you  get

what  you  pay  for
. …[18-4]

Substituting eq[18-3] into eq[18-4], η takes the form

€ 

η =1− QC

QH

. …[18-5]

The idea of thermal efficiency is illustrated in Figure
18-6. Mathematically speaking, ηmax = 1. But this value
of η would require Q C = 0. An engine with QC = 0
would be the perfect engine described in Figure 18-4
as forbidden by the second law. An η of 1 is therefore
an unattainable “maximum value”. Unhappily,
practical heat engines, in the form of gasoline engines
in automobiles and steam generators, have low
efficiencies—typically in the range 0.1 – 0.4.

Figure 18-6. η is the fraction of heat that is transformed into
useful work.
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Let us now consider an (almost) practical heat engine.

An (almost) Practical Heat Engine
A more realistic (though still idealized) heat engine,
one that works in a cycle, is shown in Figures 18-7. A
quantity of gas is contained in a cylinder equipped
with a close-fitting piston supporting a mass M. As
the gas is heated over an open flame it expands at
constant pressure and does work lifting the mass
through a height. Once the mass reaches a certain
practical height (Figure 18-7c) the piston is locked
temporarily and the mass removed. With the piston
locked the volume of the gas is prevented from
changing. The gas is then allowed to cool at constant
volume until it reaches room temperature. At that
point the piston is unlocked and the gas is
compressed isothermally until it returns to its initial
state. This is one cycle in the engine’s operation.

Figure 18-7. Representation of a single cycle of an idealized
“almost practical” heat engine.

The net effect of this multistep process is to convert a
portion of the fuel’s energy into the useful work of
lifting the mass. At the end of the cycle another mass
is placed on the piston and the process repeated.

Work can be carried on so long as fuel exists to
maintain the open flame.

This cycle of the engine is shown in the pV diagram
of Figure 18-8. You can see that it consists of three
states and three processes. No work is done during
the isochoric process so the net work done by the
engine over the single cycle is Wout = (WS)1→2 + (WS)3→1.

Figure 18-8. pV diagram showing the single cycle of the heat
engine of Figure 18-7.

Let us analyze an example of this engine numerically.

Example Problem 18-1
Analyzing the “Almost Practical” Heat Engine

A heat engine follows the three ideal-gas processes
shown in Figure 18-9. Analyze this engine to deter-
mine (a) the net work done per cycle, (b) the engine’s
thermal efficiency, and (c) the engine’s power output
if it runs at 600 rpm. Assume the gas is monatomic.

Figure 18-9. The pV cycle of the engine of Figure 18-7.
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Solution:
Beginning with the initial state 1 we can determine the
number of moles of gas used by the engine:

€ 

n =
p1V1

RT1

=
(200  × 103Pa)(2.0  ×  10−4m3)

(8.31 J.mol−1K−1)(300  K)

= 0.01604 mol.

In process 1 → 2 the work done by the gas in the iso-
baric expansion is

(WS)12 = p∆V = (200 × 103 Pa)(6.0 – 2.0) × 10–4 m3

= 80.0 J.

We use the ideal-gas law at constant pressure to find
the temperature of state 2: T2 = (V2/V1)T1 = 3T1 = 900
K. The heat transfer during the constant-pressure pro-
cess  1 → 2 is

Q12 = nCp∆T =

(0.01604 mol)(20.8 J.mol–1K–1)(900 K – 300 K)

= 200.0 J.

where we used Cp = 5R/2 for a monatomic ideal gas
(Note 17).

The process 2 →  3 is isochoric so the gas does no
work (WS)23 = 0. The temperature drops back to 300 K
so the heat transfer is

Q23 = nCv∆T =

(0.01604 mol)(12.5 J.mol–1 K–1)(300 K – 900K)

= – 120.0 J.

where we used Cv = 3R/2 (Note 17).
In process 3 → 1 the gas returns to its initial state of

volume V1. The environment does work on the gas so
the work done by the gas is negative:

€ 

WS( )31 = nRT V1
V3

 

 
 

 

 
 

= (0.01604 mol)(8.31 J.mol–1 K–1)(300 K) ln(1/3)

= – 43.9 J.

In an isothermal process ∆Eth = 0 so the heat transfer is

Q31 = (WS)31 = – 43.9 J.

Q31 is negative because the gas must be cooled as it is
compressed to keep the temperature constant.
(a) The net work done by the engine during one cycle
is

€ 

Wout = WS( )12 + WS( )23 + WS( )31 = 36.1 J.

(b) Heat is transferred into the engine during process
1 →  2 where Q  is positive and out of the engine
during process 2 → 3 and 3 →1 where Q is negative.
Thus

€ 

QH =Q12 = 200.0 J,

and

€ 

QC = Q23 + Q31 =163.9 J.

The work done by the engine is, as we saw in (a),

€ 

Wout =QH −QC = 36.1 J.

Thus the thermal efficiency is

€ 

η =
Wout

QH

=
36.1 J

200.0  J
= 0.18

or 18%.
(c) An engine running at 600 rpm goes through
600/60 = 10 revolutions or cycles per second. The
power output is the work done per second:

Pout = (work per cycle) × (cycles per second)

= 361 J.s–1 = 361 Watts.
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The Refrigerator
As stated earlier, a refrigerator is a variant of a heat
engine. A refrigerator is any closed-cycle device that
uses external work Win to remove heat QC from a cold
reservoir and to exhaust heat QH to a hot reservoir.
The energy-transfer diagram of a generic refrigerator
is shown in Figure 18-10. 2

Because a refrigerator is a cyclical device ∆Eth = 0.
Conservation of energy therefore requires

€ 

QH =QC +Win . …[18-6]

Figure 18-10. The energy transfer diagram of a refrigerator.

The coefficient of performance K  of a refrigerator is
defined

€ 

K =
QC

Win

=
what  you  get

what  you  pay  for
. …[18-7]

A perfect refrigerator would require no work input at
all (Win = 0) and would therefore have a K  = ∞. But a
perfect refrigerator would require that Figure 18-10
would reduce to Figure 18-1c; it would therefore be
forbidden by the second law of thermodynamics.

Our objective in this note is to discuss the most
efficient type of heat engine, the Carnot engine. In
order to understand the working of the Carnot engine
                                                                        
2 A refrigerator does not violate the second law of thermodyn-
amics. The second law states that heat cannot flow spontaneously
from a cold object to a hot object. The key word here is spontan-
eous. A refrigerator uses work to move heat from a cold to a hot
object; the flow does not take place spontaneously.

we need two intermediate results: the heat flow Q in a
reversible isothermal expansion and the relationship
between p and V in an adiabatic expansion of an ideal
gas. Let us dwell on these two topics for the moment.

Reversible Isothermal Expansion
of an Ideal Gas

Recall that the element of work done dWS by a gas
when it expands by dV against the environment exert-
ing pressure p is

dWS = pdV.

If the expansion is reversible, then the gas passes
through a series of equilibrium states in which the
ideal gas law holds. The relation between p and V is
therefore:

€ 

p = n RT
V

so

€ 

dWS = pdV = nRT dV
V

. …[18-8]

The total work done by the gas WS in a reversible iso-
thermal expansion where the volume changes from Vi
to Vf is obtained by integrating eq[18-8]:

€ 

W = nRT ln
Vf

Vi

 

 
 

 

 
 . …[18-9]

Recall that the thermal energy of n  Moles of a mona-
tomic ideal gas is the total translational energy of all
of the atoms (Note 17):

€ 

Eth =
3
2
nRT .

Eth is independent of volume, and hence ∆Eth = Q – WS
= 0 in an isothermal expansion. In a reversible
isothermal expansion, the gas extracts heat Q from the
constant temperature reservoir and converts it into an
equivalent amount of work WS. Therefore, the heat
flow into the gas in a reversible isothermal expansion
is given by:

€ 

Q =WS = nRT ln
Vf

Vi

 

 
 

 

 
 . …[18-10]

We shall use this result presently.
Sadi Carnot, a French engineer (1824) published his

study of the existence of a fundamental limit on the
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efficiency of converting heat to work in a steam
engine. He devised an idealized engine, using an ideal
gas as the working substance, that is completely
insulated and reversible. We conclude this note with a
study of this engine.

The Carnot Cycle
The Carnot cycle (Figure 18-11) is an ideal-gas cycle
consisting of two adiabatic processes (Q = 0) and two
isothermal processes.

Figure 18-11. A Carnot cycle.

Four steps are involved:

1→2 The gas is compressed isothermally at tempera-
ture  TC to give up heat QC to the low tempera-
ture reservoir.

2→3 The gas is compressed adiabatically to bring it to
the temperature TH of the high temperature
reservoir. Thermal contact with the heat source
is reversible (it takes place slowly).

3→4 The gas is expanded isothermally at temperature
TH to receive heat QH from the high tempera-
ture reservoir.

4→1 The gas is expanded adiabatically to bring it
back to the temperature TC of the low tempera-
ture reservoir. Thermal contact with the heat
source is again reversible (it takes place
slowly).

Recall that the thermal efficiency of any heat engine is
given by

€ 

η =
Wout

QH

=1− QC

QH

.

It is convenient to express the efficiency in terms of
temperature rather than heat. As we have seen, the
work done by an ideal gas in a reversible isothermal

expansion is compensated by an equivalent flow of
heat into the gas. The heat QC flowing out of the gas in
process (1→2) is

€ 

QC = Q12 = nRTC ln
V1
V2

 

 
 

 

 
 

and similarly the heat QH flowing into the gas in
process (3→4) is

€ 

QH =Q34 = WS( )34 = nRTH ln
V4
V3

 

 
 

 

 
 .

Thus the thermal efficiency of the Carnot cycle is

€ 

η =1− QC

QH

=1− TC ln(V1 /V2)
TH ln(V4 /V3)

.

By applying the law pV = constant on the isothermal
paths, and pVγ = constant on the adiabatic paths (Note
16), we find the following four equations:

€ 

p2V2 = p1V1 ,

€ 

p4V4 = p3V3

€ 

p2V2
γ = p3V3

γ  , 

€ 

p4V4
γ = p1V1

γ .

Eliminating p from these equations yields:

€ 

V2V4( )γ −1 = V3V1( )γ −1 .

Hence

€ 

ln V4
V3

 

 
 

 

 
 = −ln

V2
V1

 

 
 

 

 
 

and finally

€ 

QC

TC
=
QH

TH
.

So, expressed in terms of the absolute temperature T,
the efficiency of the Carnot engine is

€ 

ηCarnot =1− QC

QH

=1− TC
TH

. …[18-11]

It can be shown that no heat engine operating
between two temperatures TH and TC can be more
efficient than a Carnot engine operating between the
same two temperatures. The efficiency of a Carnot
engine is greatest when the temperature of the high
temperature reservoir is as high as possible and the
temperature of the low temperature reservoir is as
low as possible.
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The efficiency of a Carnot cycle defines the absolute
temperature scale, which is useful at low temperature
where all real gases liquify.

Example Problem 18-2
A Carnot Engine

What is the efficiency of a Carnot engine that extracts
heat from a high temperature reservoir at 100 ˚C and
gives it up to a low temperature reservoir at 20 ˚C?

Solution:
Here TH = 100 ˚C and TC = 20 ˚C. Converting the
temperatures to K and applying eq[18-11]:

€ 

η =1− TC
TH

=1− 293
373

= 0.214 .

This means that 21.4% of heat absorbed from the high
temperature reservoir in the isothermal expansion at
the higher temperature is converted to useful work.
The rest is exhausted to the low temperature reservoir
in the isothermal compression at the lower
temperature.

To Be Mastered

• Definitions: energy reservoir, energy transfer diagram
• Definitions: heat engine, thermal efficiency η of a heat engine, refrigerator, coefficient of performance K of a refrigerator
• Physics of: the Carnot engine

Typical Quiz/Test/Exam Questions

1.


