
Height of the WBT

Claim:

height(T ) ≤ log(size(T ) + 1)/ log(4/3)

for all weight-balanced trees T .

Proof. By induction on size of the tree.

Base. height(nil) = 0 = log(size(nil) + 1)/ log(4/3)

IH. Suppose ∀k ∈ N, 0 ≤ k < n, height(T ′) ≤ log(k + 1)/ log(4/3)
where size(T ′) = k .

Show. height(T ) ≤ log(n + 1)/ log(4/3) where size(T ) = n.
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Height of the WBT

Show. height(T ) ≤ log(n + 1)/ log(4/3) where size(T ) = n.

WLOG assume that height(T .left) ≤ height(T .right), thus
height(T ) = height(T .right) + 1.

Let (l , r) = (size(T .left), size(T .right)).
Then

size(T ) + 1

=n + 1

=l + r + 1 + 1

≥(r + 1)/3 + r + 1 [since l + 1 ≥ (r + 1)/3]

=(r + 1) ∗ 4/3
∴r + 1 ≤ (n + 1)/(4/3)
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Height of the WBT

Show. height(T ) ≤ log(n + 1)/ log(4/3) where size(T ) = n.

height(T )

=height(T .right) + 1 IH

≤ log(r + 1)/ log(4/3) + 1 result above

≤ log((n + 1)/(4/3))/ log(4/3) + 1

=(log(n + 1)− log(4/3))/ log(4/3) + 1

= log(n + 1)/ log(4/3)− 1 + 1

= log(n + 1)/ log(4/3)
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