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CHAPTER 1

The Pontryagin–Thom construction

The goal of this talk is to describe a well-known and important theorem in geometric
topology where spectra, the objects that stable homotopy is about, play a crucial role: the
classification of manifolds up to cobordism in terms of Thom spectra. My favourite references
for this are [Mil01] and [Swi02].

1. Stable framings

In the next section we will give the classification of stably framed manifolds up to
cobordism; doing so will naturally lead us to spectra, in particular the sphere spectrum.
Before we can do that, we need to explain what a stably framed manifold is.

Stably framed manifolds are manifolds with additional structure, which will simplify
their classification up to cobordism. To define this structure, so we use a number of the tools
in differential topology. A good reference for these is Wall’s recent book [Wal16].

Every m-dimensional closed smooth manifold M has a tangent bundle TM , which is
an m-dimensional vector bundle over the topological space M . This is one example of a
vector bundle naturally associated to M . Another one, or rather something slightly weaker
known as a stable vector bundle, will use the weak Whitney embedding theorem. This says
that every compact smooth manifold can be smoothly embedded into some Euclidean space
Rm`d. Such an embedding e : M ãÑ Rm`d of M into Euclidean space has a normal bundle,
which we will define to be

νe :“ depTMqK,

the orthogonal complement of the subbundle depTMq Ă TRm`d|M with respect to the
restriction of the standard Riemannian metric. Let εd denote the d-dimensional trivial
bundle over M .

Definition 1.1. A normal framing of e : M ãÑ Rm`d is an isomorphism φ : νe
»
ÝÑ εd of

d-dimensional vector bundle covering idM .

The normal bundle by definition depends on the embedding e : M ãÑ Rm`d, and hence
so does the notion of normal framing. However, we can make it independent of this choice
once we allow homotopies and stabilisations.

Definition 1.2. A stable normal framing of M is an equivalence class of isomorphism
ϕ : εn ‘ νe

»
ÝÑ εd`n of vector bundles covering idM for some e and n, up to equivalence

relation generated by homotopy and ϕ „ idε ‘ ϕ

We refer to the operation replacing νe and ϕ with ε‘ νe and idε ‘ ϕ as stabilisation. To
see the notion of a stable normal framing is well-defined—that is, does not depend on e—we
need to provide compatible homotopy classes of isomorphisms rφee1s between the normal
bundles of any two embeddings e and e1, after stabilising enough times. Compatibility here
means that after stabilising even further we have rφee1s ˝ rφe1e2s “ rφee2s.
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6 1. THE PONTRYAGIN–THOM CONSTRUCTION

Proposition 1.3. After stabilising enough times, there are preferred homotopy classes of
isomorphisms between normal bundles of different embeddings, and these are all compatible.

Proof. Firstly, suppose that two embedding e0, e1 : M ãÑ Rm`d are isotopic, in the
sense that there is a smooth map

et : M ˆ r0, 1s ÝÑ Rm`d

so that the map pet, π2q : M ˆr0, 1s Ñ Rm`dˆr0, 1s is a smooth embedding, Then this yields
a preferred homotopy class of isomorphisms rψs between the normal bundles of e0 and e1.
This construction has the property that it takes concatenation of isotopies to composition of
homotopy classes of isomorphisms.

Note that normal bundle of pet, π2q is a vector bundle over M ˆ r0, 1s, and recall that
every vector bundle ξ over M ˆ r0, 1s is isomorphic to ξ|Mˆt0u ˆ r0, 1s. If we impose this is
the identity over M ˆ t0u it is unique up to homotopy. This in turn induces an isomorphism
between ξ|Mˆt0u and ξ|Mˆt1u, unique up to homotopy.

Secondly, we observe that if we compose e : M ãÑ Rd with the inclusion Rm`d ãÑ Rm`d`1

on the last m` d coordinates to get e1, we get an identification νe1 “ ε‘ νe.
Thirdly, we use that if we are allowed to increase the dimension of the Euclidean space,

not only are any two embeddings become isotopic but this isotopy is unique up to isotopy.
Then any two embedding e : M Ñ Rm`d and e1 : M ˆRm`d become isotopic after stabilising
m` d times. Indeed, the formal

M ˆ r0, 1s ÝÑ Rm`d`m`d

pm, tq ÞÝÑ p1´ tq ¨ epmq ` t ¨ e1pmq
gives an isotopy from e composed with the inclusion of the first m` d terms to e1 composed
with the inclusion of the last m ` d terms, and the latter differs by a rotation from e1

composed with the inclusion of the first m` d terms. A similar argument proves that any
isotopy after stabilising m` d is isotopic to the one just given after stabilising 2m` 2d more
times. �

Remark 1.4. There is a stronger version of the Whitney embedding theorem, which says
that every compact m-dimensional manifold M can be embedded in R2m. There are also
relative versions, which say that any two embeddings in R2m`1 are isotopic and in R2m`2

this isotopy is unique up to isotopy. One may use these facts to simplify the above argument.

Example 1.5.
¨ A point admits a stable normal framing, as any vector bundle over it is trivial.
¨ A sphere admits a stable normal framing, because the standard embedding of Sd

into Rd`1 has trivial normal bundle.
¨ A RP 2 does not admit a stable normal framing. If it t did then some normal bundle

for it would be trivial and from the isomorphism R2`d – TRP 2 ‘ νe – TRP 2 ‘ εn,
we deduce that TRP 2 is orientable, yielding a contradiction. This argument shows
that no non-orientable manifold admits a stable normal framing.

The set of stable normal framings is a torsor for the group of isomorphisms of the trivial
bundle up to homotopy and stabilising. To use the latter for computations, we need that
linear isomorphisms for n large are given by the colimit GLpRq :“ colimnÑ8GLnpRq over
the inclusion GLnpRq ãÑ GLn`1pRq in the bottom-right corner.

Example 1.6.
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¨ The point ˚ has two stable normal framings. To see this, observe that homotopy
classes of linear isomorphisms Rn Ñ Rn for n large are given by π0 GLpRq – t˘1u
using the normalised determinant.

¨ The circle S1 has four stable normal framings. To see this, observe that homotopy
classes of S1-indexed families of linear isomorphisms Rn Ñ Rn for n large are given
by π0 MappS1,GLpRqq – Z{2ˆ Z{2.

¨ In general, if M admits a stable normal framings then the set of stable normal
framings is in bijection with π0 MappM,GLpRqq.

2. Stably framed manifolds and the sphere spectrum

We now proceed by giving an invariant of stably framed manifolds, and then understand
which equivalence relation to impose on these so that this invariant yields a classification.
The sphere spectrum will appear naturally.

2.1. The Pontryagin–Thom construction. Recall that the normal bundle νe of
an embedding e : M ãÑ Rn was defined to be the subbundle depTMqK Ď TRm`d|M . Now
consider the map

νe ÝÑ Rm`d

v ÞÝÑ ppvq ` v,

with p : νe ÑM the projection, addition in Rm`d, and the tangent spaces of Rm`d identified
with Rm`d in the standard manner. Its derivative at the 0-section can be identified with the
isomorphism TM‘νe – TRm`d|M , so by the inverse function theorem it is a diffeomorphism
near the 0-section. Using compactness of M , one then proves that there exists a real number
r ą 0 such that the restriction

g : tv P νe | ||v|| ă ru ÝÑ Rm`d

is a smooth embedding. Identifying the domain with νe via the homeomorphism w ÞÑ 2rw
1`||w||

we obtain a tubular neighbourhood: an embedding g : νe ãÑ Rn extending e whose derivative
at the 0-section is the inclusion. Tubular neighbourhoods are unique up to isotopy; this is
the reason for including the condition on the derivative.

Given a tubular neighbourhood g for e : M ãÑ Rm`d, we can collapse the complement
of its image to a point to get a Thom collapse map whose target will be the Thom space
Thpνeq:

Definition 2.1. Let ξ be a vector bundle over a compact space X, then the Thom space
Thpξq is the one-point compactification of the total space of ξ.

Exercise 1. Prove that Thpξq is homeomorphic to both of the following two alternative
constructions:

(i) Take the fibrewise one-point compactification of ξ and collapse the section at 8 to a
point.

(ii) Pick a Riemannian metric of ξ and take the quotient of the unit disc bundle by the
sphere bundle.

Remark 2.2. Definition 2.1 is not the correct definition when X is not compact. Instead,
one may use either of the two constructions in the previous exercise.
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Identifying Sm`d with one-point compactification of Rm`d, we have that Thpνeq –
Sm`d{pSm`d ´ gpνeqq and we call the quotient map the collapse map. Explicitly, it is given
by

(1)
Sm`d ÝÑ Thpνeq

x ÞÝÑ

#

g´1pxq if x P gpνeq,
8 otherwise.

If now M is stably framed, then by increasing d if necessary we may assume that there
is an isomorphism ϕ : νe

»
ÝÑ εd and use this isomorphism to map out of Thpνeq via the map

(2) Thpνeq
Thpϕ´1

q
ÝÝÝÝÝÑ Thpεdq “ Sd ^M`

π
ÝÑ Sd.

Composing (1) with (2) yields the Pontryagin–Thom collapse map. Explicitly, it is given by
PT pM,ϕ, e, gq : Sm`d ÝÑ Sd

x ÞÝÑ

#

πϕ´1g´1pxq if x P gpνeq,
8 otherwise.

Lemma 2.3. The basepoint preserving homotopy class of PT pM,ϕ, e, gq only depends on
the homotopy class of ϕ and isotopy class of e.

Proof. The isomorphism ϕ only enters through Thpϕ´1q in (2) and its basepoint
preserving homotopy class—and hence PT pM,ϕ, e, gq—only depends on the homotopy class
of ϕ. An isotopy of tubular neighbourhoods induces a basepoint preserving homotopy of
(1), so PT pM,ϕ, e, gq is independent of g. The isotopy extension theorem implies that we
can move a tubular neighbourhood along with an isotopy, inducing a homotopy of (1), so
PT pM,ϕ, e, gq only depends on the isotopy class of e. �

Thus we have a well-defined element rPT pM,ϕ, eqs P πm`dpS
dq. What do we need to

do make it independent of e? Given that embeddings are stably unique up to isotopy, it is
a good idea to stabilise. If in the construction of the Pontryagin–Thom collapse map we
replace e : M ãÑ Rm`d with e1 : M ãÑ Rm`d`1 obtained by composing e with the inclusion
on the last factors, then we get a canonical isomorphism νe1 – ε ‘ νe. Using g1 “ idε ‘ g
and ϕ1 “ idε ‘ ϕ, we get that g1pνe1q “ R ˆ νe and that on the ps, xq in this subset of
Rn`d`1 – Rˆ Rn`d the Pontryagin–Thom collapse map takes the value ps, π2ϕ

´1g´1pxqq.
We conclude that rPT pM,ϕ, e1qs P πm`d`1pS

d`1q is obtained by taking the suspension:

Sm`d`1 – ΣSm`d ΣPT pM,ϕ,eq
ÝÝÝÝÝÝÝÝÑ ΣSd – Sd`1.

What we have shown is that to each stably framed manifold pM,ϕq we can assign a well-
defined element rPT pM,ϕqs P colimdÑ8πm`dpS

dq. Here the colimit is taken over suspensions,
and this colimit can be computed by taking the quotient of

À

d πm`dpS
dq by the equivalence

relation generated by ϕ „ Σϕ. This only depends on the isomorphism class of pM,ϕq in the
following sense: any diffeomorphism ρ : M Ñ M 1 induces an isomorphism νρ : νM Ñ νM 1 ,
and we define an isomorphism of stably framed manifolds to be a diffeomorphism such that
ϕ1 ˝ νρ is homotopic to ϕ.

In other words, we have defined an invariant

PT: tstably framed m-dimensional manifoldsu
isomorphism ÝÑ colim

dÑ8
πm`dpS

dq

known as the Pontryagin–Thom construction.
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2.2. A glimpse of spectra. Let us put the stable homotopy group colimdÑ8πm`dpS
dq

is a more general context.

Definition 2.4. A pre-spectrum E is a sequence tEnuně0 of based spaces with basepoint
preserving maps ΣEn Ñ En`1.

Remark 2.5. Note that equivalently, we can exchange the suspension on the domain for a
based loops on the target. Thus an equivalent definition of a pre-spectrum is as a sequence
tEnuně0 of based spaces with basepoint preserving maps En Ñ ΩEn`1. This perspective
will appear naturally in the next lecture, but for now using suspensions is more convenient.

The following is the example relevant to this discussion.

Definition 2.6. The sphere spectrum S is the pre-spectrum tSnuně0 with maps Sn Ñ ΩSd`1

as above.

Given a pre-spectrum E we can define its stable homotopy groups as
πmpEq :“ colim

nÑ8
πm`npEnq for m P Z.

Then we can rephrase the Pontryagin–Thom construction as an invariant

PT: tstably framed m-dimensional manifoldsu
isomorphism ÝÑ πmpSq.

The target is very difficult to compute, and we only know a bit more than the first 100
groups. Here are some examples:

π0pSq – Z, π1pSq – Z{2, π2pSq – ....

There are no non-zero negative homotopy groups in this case because π˚pSnq “ 0 for ˚ ă n.

2.3. The Pontryagin–Thom isomorphism. The Pontryagin–Thom construction as
stated is not a bijection. One way to see this, is to observe that there are infinitely many
isomorphism classes of stably framed 0-manifolds—one can take finite disjoint unions of
stably framed points—but only two elements in π0pSq. A second way to see this, is to note
that disjoint union makes the domain into a commutative monoid with identity give by the
empty manifold, so that there are few inverses. However, PT preserves addition and π˚pSq is
an abelian group. This raises the following question: is it possible to take a further quotient
of the domain of PT so that it becomes an isomorphism of abelian groups?

To see the answer, we will attempt to construct an inverse. This will show PT is
surjective and the failure of injectivity comes from a choice we need to make; understanding
the effect of this choice will tell us which quotient we must take. Observe that M “

PT pM,ϕ, e, gq´1p0q Ă Rm`d Ă Sm`d. Moreover, the map PT pM,ϕ, e, gq is smooth on the
preimage of a neighbourhood of 0 and this restriction is transverse to 0. The latter implies
that PT pM,ϕ, e, gq induces an isomorphism between the normal bundle of e and the pullback
along PT pM,ϕ, e, gq of the normal bundle of a point in Rd. Since this normal bundle is
trivial this is a normal framing of M , which represents the stable normal framing f .

To prove surjectivity of PT , we try to repeat this for a general element of πmpSq. First,
we represent it by a map h : Sm`d Ñ Sd for some large d P N. Second, we make it smooth
on the preimage of a neighbourhood of 0. Third, we make it transverse to 0. Having done
so, we obtain a m-dimensional compact manifold h´1p0q together with a normal framing.
We made two choices here: (1) an integer d and (2) a particularly nice representative h.
The first choice matters little; if we replace h by Σh the preimage of 0 remains the same
and the normal framing gets replaced by its sum with idε. The second choice is much
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more important. If we have two homotopic nice representatives h0, h1 : Sm`d Ñ Sd, we can
modify the entire homotopy ht : Sm`d ˆ r0, 1s Ñ Sd to be smooth on the preimage of a
neighbourhood of 0 and transverse to it. Then the preimage h´1

t p0q Ă Sm`d ˆ r0, 1s will be
a pm` 1q-dimensional compact submanifold with boundary and normal framing. In other
words, it is a stably framed cobordism between pM0, ϕ0q and pM1, ϕ1q. This turns out to be
appropriate equivalence relation on the domain of PT. The following is originally due to
Thom [Tho54].

Theorem 2.7 (Pontryagin–Thom). There is a well-defined induced map

PT: Ωfr
m :“ tstably framed m-dimensional manifoldsu

stably framed cobordism ÝÑ πmpSq

which is an isomorphism of abelian groups.

Example 2.8. Using the classification of stably framed 0- and 1-dimensional manifolds
we can actually compute π0pSq and π1pSq. We can considering the cylinder M ˆ r0, 1s as
a cobordism from M \M to ∅ instead of a cobordism from M to M . Keeping track of
stably framings, this saying that ´pM,fq “ pM,´ϕq where ´ϕ is ϕ composed with the
non-orientation preserving map εÑ ε of stable vector bundles. (As a hint: imagine bending
Rm`d ˆ r0, 1s into a U -shape to embed it into Rm`d ˆ r0,8q and compare the two resulting
embeddings Rm`d ãÑ Rm`d.)

Looking at 0-dimensional manifolds, we have any 0-dimensional stably framed manifolds
is a disjoint union of m copies of p˚, stdq and m1 copies of p˚,´stdq. As p˚,´stdq “ ´p˚, stdq,
we see sending this m ´ m1 gives an isomorphism between this groups of stably framed
cobordism classes and the integers Z. Using the Pontryagin–Thom isomorphism, we compute
that π0pSq – Z.

We can similar use the classification of 1-dimensional stably framed manifolds to recoevr
π1pSq “ Z{2. The reason we get Z rather than Z{2 is that there is a pair of pants
cobordism; writing pS1, stdq from the stable normal framing induced from the standard
inclusion S1 ãÑ R2 and the pS1,Lieq for the other, this gives pS1, stdq “ 2pS1, stdq and
pS1,Lieq “ pS1,Lieq ` pS1, stdq.

Exercise 2. Understand the details of the computation Ωfr
1 outlined at the end of the

previous example.

Exercise 3. Use the strong Whitney embedding theorem to deduce the Freudenthal
suspension theorem, which says that πm`dpSdq Ñ πm`d`1pS

d`1q is an isomorphism for
d ě m` 2.

3. Stable tangential structures and Thom spectra

Next we generalise this to other types of manifolds, in particular ordinary manifolds and
almost-complex manifolds. This leads to Thom spectra.

3.1. The Pontryagin–Thom construction for ordinary manifolds. If M is an
ordinary manifold, it does not come with a stable normal framing and we can still define (1)
but no longer (2). Thinking of the sphere Sd as the Thom space of the trivial d-dimensional
bundle over ˚ suggests that the appropriate replacement is a different Thom space.

Let GrdpRm`dq be the Grassmannian of d-planes in Rm`d. This is homeomorphic
to the quotient of the Stiefel manifold VdpRm`dq :“ GLm`dpRq{GLmpRq of parametrised
d-planes in Rm`d by the action of GLdpRq. The Grassmannian carries a canonical Rd-bundle
γd,m whose fibre over d-plane V is V itself, and in terms of the Stiefel manifolds this is
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VdpRm`dq ˆGLdpRq Rd. The inclusion of Rm`d into Rm`d`1 onto the first m` d components
induces an inclusion GrdpRm`dq ãÑ GrdpRm`d`1q and taking the colimit over these we
obtain the infinite Grassmannian GrdpR8q with d-dimensional vector bundle γd,8.

There is a map of vector bundles from νe to γd,m given on base spaces by sending m to
νe and on fibres by the identity. This induces a map of Thom spaces
(3) Thpνeq ÝÑ Thpγd,mq ÝÑ Thpγd,8q.
Composing (1) with (3) then gives a map

PT pM, e, gq : Sd`m ÝÑ Thpγd,8q.
Under stabilisation of the embedding we get that PT pM, e1q is the map

Sd`m`1 “ ΣSd`m ΣPT pM,eq
ÝÝÝÝÝÝÝÑ ΣThpγd,8q ÝÑ Thpγd`1,8q.

Here right map is induced by noting that under the inclusion ε ‘ ´ : GrdpRm`dq Ñ
Grd`1pRm`d`1q the vector bundle γm,d`1 restricts to ε ‘ γm,d, that Thpε ‘ ξq – ΣThpξq,
and letting mÑ8. We recognise a pre-spectrum.

Definition 3.1. The Thom spectrum MO is the pre-spectrum tThpγd,8quně0 with maps
ΣThpγd,8q Ñ Thpγd`1,8q as above.

Continuing the argument as in the stably framed case, one obtains an isomorphism of
abelian groups

PT: ΩO
m :“ tm-dimensional manifoldsu

cobordism ÝÑ πmpMOq.

The target was computed by Thom, and is given by
π˚pMOq “ F2rxi | i ‰ 2k ´ 1s.

3.2. The Pontryagin–Thom construction in general. One can repeat the story
for stably framed and ordinary manifolds for other structures on manifold. Obvious choices
are orientations or spin structures, yielding Thom spectra MSO and MSpin figuring in
isomorphisms

ΩSO
m :“ toriented m-dimensional manifoldsu

cobordism
–
ÝÑ πmpMSOq

ΩSpin
m :“ tspin m-dimensional manifoldsu

cobordism
–
ÝÑ πmpMSpinq.

However, for algebraic topology almost-complex structures are of crucial importance, espe-
cially after work of Quillen relating it formal group laws [Qui69]; this is the starting point
of chromatic homotopy theory [Rav86]. The reason is that the homotopy groups of its
Thom spectrum MU are very easy to describe. That is, the target of the Pontryagin–Thom
isomorphism

ΩU
m :“ talmost-complex m-dimensional manifoldsu

cobordism
–
ÝÑ πmpMUq

is given by π˚pMUq “ Zry2i | i ą 0s.





CHAPTER 2

Atiyah duality and Poincaré duality

1. Duality in symmetric monoidal categories

A slogan is that spectra are a more algebraic replacement of spaces. In particular, we
should be able to apply our experience with the category of vector spaces to the stable
homotopy category. In this lecture we do so to discover a notion of duality for spectra, and
deduce from this two classical duality theorems: Alexander duality and Poincaré duality.
Our exposition is inspired by the elegant short paper of Dold and Puppe [DP83].

1.1. Duals in linear algebra. A useful concept in linear algebra over a field F is the
linear dual vector space

DV :“ LinpV,Fq,
whose elements are the linear functionals on V . The linear dual has the following universal
property, using the Hom-b adjunction: there is a natural bijection

(4)
HomVectFpW,DV q “ HomVectFpW,LinpV,Fqq –ÝÑ HomVectFpV bW,Fq

α ÞÝÑ
´

v b w ÞÝÑ αpwqpvq
¯

.

Then taking W “ DV , the identity on the left goes to the evaluation map
ev: V bDV ÝÑ F

pv, φq ÞÝÑ φpvq.

In terms of this evaluation map, the bijection (4) is given by α ÞÑ ev ˝ pidV b αq.
If V is finite-dimensional there is also a coevaluation map

coev : F ÝÑ DV b V

1 ÞÝÑ
ÿ

i

Dei b ei

with teiu1ďiďdimV a basis of V and tDeiu1ďiďdimV the dual basis characterised by Dejpeiq “
δij with δij the Kronecker function.

Exercise 4. Prove that this is independent of the choice of basis.

The evaluation and coevaluation maps satisfy the triangle equations, which say that
both of the following compositions are the identity linear maps

(5)
V – V b F idV bcoev

ÝÝÝÝÝÝÑV bDV b V
evbidV
ÝÝÝÝÝÑ Fb V – V,

DV – FbDV coevbidDV
ÝÝÝÝÝÝÝÑDV b V bDV

idDV bev
ÝÝÝÝÝÝÑ DV b F – DV.

In the language of category theory, the triangle equalities (5) say that the functor
V b ´ : VectF Ñ VectF is the left adjoint of the functor DV b ´ : VectF Ñ VectF. See

13
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e.g. [Mac71, Chapter IV] for details about adjunctions. Using an alternative criterion for
two functors to be adjoint, this is equivalent to the map

(6)
HomVectFpW,DV b Uq

–
ÝÑ HomVectFpV bW,Uq

β ÞÝÑ pevb idU q ˝ pidV b βq
being a natural bijection, visibly extending (4). As should be clear from our formulation,
the map in (6) always exists: the coevaluation is used in its inverse

γ ÞÝÑ pidDV b γq ˝ pcoevb idW q,
and hence requires finite-dimensionality. At this point we have proven that (5) ðñ (6).
Moreover, since adjoints are unique up to natural isomorphism, either determines DV up to
isomorphism.

The relationship between coevaluation and finite-dimensionality becomes clearer once we
recall that V is finite-dimensional if and only if V Ñ DpDV q is an isomorphism. This map
is produced by using the symmetry of the tensor product to get from the evaluation map
ev: V bDV Ñ F a linear map DV b V Ñ F and in turn using (4) to construct from this a
linear map V Ñ DpDV q. Moreover, we can construct a map DV bDW Ñ DpW b V q from
the pair of evaluations W b V bDV bDW ÑW bDW Ñ F.

Exercise 5. Prove that (5) ðñ (6) ðñ the maps V Ñ DpDV q and V b DV Ñ

DpDV q bDV Ñ DpDV b V q are isomorphisms.

1.2. Duals in symmetric monoidal categories. The relationship between a vector
space V and its linear dual DV only involves concepts that make sense in any symmetric
monoidal category, and hence can be made into a definition there. Recall that a symmetric
monoidal category pC,b,1q is a category C with functor b : C ˆ C Ñ C with natural
associativity, commutativity, and unit isomorphisms; for example, the latter are natural
isomorphism 1bA

»
ÝÑ A and Ab 1

»
ÝÑ A. For the details, see [Mac71, Chapter XI].

Example 1.1.
¨ VectF is symmetric monoidal with b the tensor product of vector spaces and 1 “ F.
¨ Top is symmetric monoidal with ˆ the product and 1 “ ˚.
¨ SHC is symmetric monoidal with b the smash product of spectra and 1 “ S.

Definition 1.2. Let A be an object of a symmetric monoidal category pC,b,1q, then a dual
of A is an object B together with a pair of morphisms ev : AbB Ñ 1 and coev : 1Ñ B bA
with the property that both compositions

A – Ab 1
idAbcoev
ÝÝÝÝÝÝÑ AbB bA

evbidA
ÝÝÝÝÝÑ 1bA – A,

B – 1bB
coevbidB
ÝÝÝÝÝÝÑ B bAbB

idBbev
ÝÝÝÝÝÑ B b 1 – B

are the identity morphisms.

Moreover, the arguments used in the previous section to construct various maps and
prove equivalences between various properties of these maps, go through in any symmetric
monoidal category. Thus we have:

Lemma 1.3. The following are equivalent:
(1) B is the dual of A.
(2) There is a natural bijection HomCpAb C,Eq – HomCpC,B b Eq.

Example 1.4. From Lemma 1.3 (2) it is clear that the dual of 1 is 1.
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Suppose that C next that closed symmetric monoidal, that is, we have an internal
mapping object functors MappA,´q which are left adjoint to Ab´.

Example 1.5.
¨ VectF is closed symmetric monoidal with internal mapping objects given by vector

spaces of linear maps HompV,´q.
¨ SHC is closed symmetric monoidal with internal mapping object given by function

spectra F pX,´q.

Then taking E “ 1 in Lemma 1.3 (2) shows that if A has a dual, it must be given by
MappA,1q which we abbreviate as

DA :“ MappA,1q.
Then we have a natural isomorphism
(7) MappA,Eq – DAb E

as well as a generalisation of Exercise 5:

Lemma 1.6. The two conditions in Lemma 1.3 are equivalent to the maps A Ñ DpDAq
and AbDAÑ DpDAbAq being isomorphisms.

Definition 1.7. If DA is the dual of A we say that A is dualisable.

Exercise 6. Prove that if A and B are dualisable then so is AbB. What is its dual?

Exercise 7. Prove that if C is closed then b preserves colimits in each entry. Suppose
that C has biproducts A‘B (coproducts which coincide with products). Prove that if A
and B are dualisable then so is A‘B. What is its dual?

1.3. Duals in stable homotopy theory. As explained in Lecture 3, the stable
homotopy category SHC has all structure required to make sense of duality as explained
above: it is closed symmetric monoidal, with tensor product given by the smash product,
unit given by the sphere spectrum, and internal mapping objects given by function spectra.
Thus there is a theory of duality in spectra, which is known as Spanier–Whitehead duality
[SW55]. Two questions now arise: What are examples of spectra that have duals? What
use is Spanier–Whitehead duality? We start with some exercises:

Exercise 8. Prove that the dual of S is S itself.

Exercise 9. Prove that if X is dualisable with dual Y then so is ΣnX with dual Σ´nY .

Exercise 10. Prove that if X and X 1 are dualisable with duals Y and Y 1 then so is
X bX 1 with dual Y b Y 1.

Exercise 11. Prove that if X and X 1 are dualisable with duals Y and Y 1 then so is
X _X 1 with dual Y _ Y 1.

2. The dual of the suspension spectrum of a finite complex

Our first goal is will be to show that for any finite CW-complex X, its suspension
spectrum Σ8`X is dualisable. We will do so by constructing a candidate for its dual as well
as evaluation and coevaluation maps, and verifying the triangle identities.

Using an argument similar to that for the weak Whitney embedding theorem, by induction
over the number of cells one proves that every finite CW-complex can be embedded into
some Euclidean space RN . We may assume for convenience that its image is contained in
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open unit ball B Ă RN . Recalling that the mapping cone of a pair pA,Bq of a B Ď A is
given by

ConepA,Bq “ pAˆ t1uq Y pB ˆ r0, 1sq{pB ˆ t0uq,
which canonically pointed by the image of B ˆ t0u. If A ãÑ B is a cofibration (e.g. the
inclusion of a subcomplex of a CW-complex), then the map ConepA,Bq Ñ B{A is a homotopy
equivalence; you should think of the mapping cone as a more well-behaved replacement of the
quotient. We take the mapping cone of the pair pRN ,RNzXq, take the suspension spectrum
of the corresponding pointed space, and desuspend it N times to get the spectrum

Σ8´NConepRNzX ãÑ RN q.

Since RN is contractible, this is homotopy equivalent to Σ8´N`1pRNzXq` but it is better
not to use this.

In the proof of the next theorem we will use that Conep´q sends homotopy equivalences
of pairs to based homotopy equivalences, sends products pA,Bq ˆ pA,Bq “ pA ˆ A1, B ˆ
A1 YAˆB1q of pairs to wedge products of pointed spaces, and satisfies a version of excision.
These require minor point-set topological assumptions; we will not spell these out but see
[DP83].

Theorem 2.1. The spectrum Σ8´NConepRNzX ãÑ RN q is the dual of Σ8X`.

Proof. To construct an evaluation map, it suffices to construct a map
X` ^ ConepRNzX ãÑ RN q ÝÑ SN

of pointed spaces; taking suspension spectra and desuspending N times gives the desired
map of spectra. Identifying SN , up to based homotopy equivalence, with the mapping cone
of the pair pRn,Rnzt0uq, we define the map of pairs

S : pX,∅q ˆ pRN ,RNzXq ÝÑ pRn,Rnzt0uq
px, yq ÞÝÑ y ´ x

and take mapping cones.
For the coevaluation map we pick an open neighbourhood V of X with retraction

r : V Ñ X, which exists since finite CW-complexes are ANR’s. Then it suffices to construct
a map

SN ÝÑ ConepRNzX ãÑ RN q ^X`,
up to inverting some based homotopy equivalences (as we already implicitly did above). This
is given by the induced map on mapping cones of the zigzag of maps of pairs

pRN ,RNzt0uq pRN ,RNzXq ˆ pX,∅q

pRN ,RNzBq pRN ,RNzXq ˆ pX,∅q

pRN ,RNzXq pRN ˆX, pRNzXq ˆXq

pV, V zXq pRN ˆ V, pRNzXq ˆ V q

»

»

»

∆

idˆr

where » denote maps that induce based homotopy equivalences on mapping cones, and
∆pvq “ pv, vq is the diagonal map.
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We will prove one of the triangle identities, verifying that pev^idq˝pid^coevq : Σ8X` Ñ
Σ8X` is the identity. It suffices to prove that the zigzag of maps of pairs

pX,∅q ˆ pRN ,RNzt0uq pX,∅q ˆ pRN ,RNzt0uq

pX,∅q ˆ pRN ,RNzt0uq pRN ,RNzt0uq ˆ pX,∅q

pX,∅q ˆ pRN ,RNzBq pX,∅q ˆ pRN ,RNzXq ˆ pX,∅q

pX,∅q ˆ pRN ,RNzXq pX,∅q ˆ pRN ˆX, pRNzXq ˆXq

pX,∅q ˆ pV, V zXq pX,∅q ˆ pRN ˆ V, pRNzXq ˆ V q

–

» Sˆid

»

»

∆

idˆr

induces a map on mapping cones that is based homotopic to the identity map SN ^X` Ñ
SN ^ X`. The composed map pX,∅q ˆ pV, V zXq Ñ pX,∅q ˆ pRN ,RNzt0uq is given by
px, vq ÞÑ prpvq, v ´ xq from the bottom-left to the top-right, and it suffices to prove it is
homotopic to px, vq.

To do so, we first show that we may replace it by px, v ´ xq. This follows from the
commutative diagram

pX,∅q ˆ pV, V zXq pV ˆ V, V ˆ V z∆q pW,W z∆q

pRN ,RN ˆ t0uq ˆ pV,∅q

Ă

px,vqÞÑpv´x,vq
pv1,vqÞÑpv´v1,vq

Ą

with W Ă V ˆ V the subspace of pv1, vq such that the line segment ttv ` p1 ´ tqv1 | t P
r0, 1su Ă V . The top-left map induces a based homotopy equivalence on mapping cones,
but on its image the middle vertical map is homotopic to pv1, vq ÞÑ pv ´ v1, v1q by linear
interpolation in the second coordinate.

Making this replacement, the resulting composed map extends to all of pX,∅q ˆ
pRN ,RNzXq and hence by precomposition to the map pX,∅q ˆ pRN ,RNzBq Ñ pX,∅q ˆ
pRN ,RNzt0uq given by px, yq ÞÑ px, y ´ xq. This is homotopic to the swap map by linear
interpoliation in the second coordinate, using that X Ă B. �

Exercise 12. Prove the other triangle identity.

Example 2.2. If X “ Sq Ă Rq`1 Ă RN , then RNzSq » SN´1 _ SN´q´1 and hence
ConepRNzSq ãÑ RN q » SN _ SN´q as a pointed space. Taking suspension spectra and
desuspending N times we get S0 _ S´q. This is indeed the dual of Σ8Sq` “ S0 _ Sq.

Let us explain how a classical result in algebraic topology follows from this: Alexander
duality.

Corollary 2.3. If X Ă RN is a finite CW complex, then there is an isomorphism
HN´1´˚pX;Zq – H̃˚pRNzX;Zq.

Proof. From the long exact sequence of a pair, we get an isomorphism
H̃˚`N´1pRNzX;Zq – H̃˚`N pConepRNzX ãÑ RN qq.
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We now use duality to argue
H̃˚`N pConepRNzX ãÑ RN qq – π˚pΣ8´NConepRNzX ãÑ RN qq ^HZq

– π˚pDpΣ8X`q ^HZq
– π˚pF pΣ8X`, HZqq
– H´˚pX;Zq,

the first writing reduced homology in terms of spectra, the second using Theorem 2.1, the
third an instance of (7), and the fourth writing cohomology in terms of spectra. Then we
rearrange the result to get the statement of the theorem. �

3. Atiyah duality and Poincaré duality

We will use the computation of the dual of a finite complex X to compute the dual of a
closed m-dimensional manifold M in terms of a Thom spectrum, circling back to the first
lecture. The following result is due to Atiyah [Ati61, Section 3].

Theorem 3.1 (Atiyah duality). Σ8´m´dThpνeq is the dual of Σ8M`.

Proof. It suffices to observe that if e : M ãÑ Rm`d is an embedding with tubular
neighbourhood g, then the map of pairs pgpνeq, gpνeqzepMqq Ñ pRm`d,Rm`dzepMqq induces
a based homotopy equivalence on mapping cones. On the other hand, we can also identify
the mapping cone of the pair pgpνeq, gpνeqzepMqq with the one-point compactification of
gpνeq, i.e. the Thom space Thpνeq. This identifies the dual of Σ8M` as Σ8´m´dThpνeq. �

Remark 3.2. Given a manifold M , we could define the Thom spectrum of its stable normal
bundle as follows: pick an embedding e : M ãÑ Rm`d and take Σ8´m´dThpνeq. (The idea
is that νe has formal dimension ´m so the Thom class (which generates the lowest degree
non-zero reduced homology of a Thom space) should be in degree ´m.) This is well-defined
up to preferred equivalence by the discussion in the first lecture, when we discussed the
well-definedness of stable normal framings.

From this we can deduce Poincaré duality, once we know the Thom isomorphism.

Proposition 3.3 (Thom isomorphism). If ξ is a k-dimensional orientable vector bundle
over X, then H̃˚`kpThpξqq;Zq – H˚pX;Zq.

This appears in a related talk, where it is explained that an orientation amounts to an
equivalence Σ8Thpξq ^HZ » Σ8`kX` ^HZ; generalising this from HZ to other spectra
gives generalises the notion of orientation. Let us proceed with our goal:

Corollary 3.4 (Poincaré duality). If M is a closed orientable m-dimensional manifold, then
Hm´˚pM ;Zq – H˚pM ;Zq.

Proof. If M is orientable, then so is νe because νe ‘ TM – εm`d. We thus have that
H˚pM ;Zq – H̃˚`dpThpνeq;Zq.

We now interpret this in terms of spectra and invoke Atiyah duality:
H̃˚`dpThpνeq;Zq – π˚pΣ8´dThpνeq ^HZq

– π˚pΣmDpΣ8M`q ^HZqq
– π˚pΣmF pΣ8X`, HZqq
– Hm´˚pX;Zq,
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the first writing reduced homology in terms of spectra, the second using Theorem 3.1, the
third an instance of (7), and the fourth writing cohomology in terms of spectra. �
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