A BRIESKORN SPHERE

BEN KNUDSEN

We discuss the following result, which accounts for a small subset of a much more general
class of examples studied systematically by Brieskorn | ].

Theorem 1 (Brieskorn). For m > 1, the manifold
S={zeC |+ +25+ +235,=0|z| =1}
is homeomorphic, but not diffeomorphic, to S¥m™~1.

The proof will make use of a portion of Kervaire-Milnor’s landmark work on exotic spheres
[ ]. Recall that the signature o(M) of a 4m-manifold M is the signature of the quadratic
form determined by Poincaré duality on Hs,, (M;R), which is to say the number of positive
eigenvalues minus the number of negative eigenvalues of the associated matrix.

Theorem 2 (Kervaire-Milnor). Let 4™~ be a smooth manifold homeomorphic to S*™~*. If
Y = OW with W parallelizable, then ¥ is diffeomorphic to S*™ ! if and only if
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where the Bernoulli numbers Bo,, are defined by the generating function
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Assuming this result, the proof of Theorem 1 will take place in two steps. First, we verify
that X is a topological sphere, in the process identifying it as the boundary of a parellelizable
manifold. Second, we compute that the signature of the bounding manifold is equal to 8, up to
sign.

Notation 3. Setting f(z) = 20° + -+ + 2%~ with n > 2, we write V(f) for the zero set of f in
Cntl and we write ¥ = V(f) N 2" FL. We write C,, for the cyclic group of order a; with fixed
generator w;, and we set G = Cgyy X --- x Oy, .

Our strategy in understanding the topology of ¥ will be to understand that of S?"*1\ ¥ and
invoke duality. The idea behind the approach to this complement is that, when leaving the zero
locus of f, one must leave in some direction, and so the complement fibers over the space of
possible directions. More precisely, defining

@:CMHI\V(f) = 8!

f(2)
TG

we have the following result.
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Theorem 4 (| , 4.8,5.2,6.1,6.4]). In the commuting diagram
S2n+1 \ » (Cn+1 \ V(f)

| |
Sl Sl
the vertical maps are smooth fiber bundles and the top map is a fiberwise homotopy equivalence.

Moreover, the closure of Fy := o~ 1(1) is a smooth manifold with boundary ¥, and both ¥ and
Fy are connected and simply connected.

The group G acts on Fy by wjz = (20, ..., 62‘”/%2’]'7 ..., 2n), and the action of (S, 1) =: T
is via the homomorphism T' — G specified by sending the generator ¢t to w := wg - - - wy,.

Proposition 5. There is a homotopy equivalence
FQ ~ \/ Sn,
w(f)
where p(f) = [[;—o(a; —1).

Remark 1. The number p(f) is exactly the multiplicity of the singularity of f at the origin. This
phenomenon is generic—see | , 7.2].

Recall that the join of the spaces A and B is the pushout
AxB:=C(A) x B [[ AxC(B).

AxB
For example, A" = pt*(n+1),
Proof of Proposition 5. Set J = Cg, % --- x C, . We have an embedding
J =@ (1)
Ti\n 'mr, a; 1 a;j
(6} Vg = (7T ),
which, by a sequence of straight-line homotopies, is a G-equivariant deformation retract. General
properties of the join imply that J is (n — 1)-connected, and in degree n we have
—~1)7 9.
H.(Fy) = H.(¢™'(1) = H.(J) = H, (Z[G}a ZC0, 2(61(0,0) /(950 — widj0) = - ) ,
where o is the n-simplex given by the join of the respective units in the C,;. Thus, setting
n=1}—o(1 —w;), we also have that

(SIS ~ Ca,l
n(n) ®Ann ® -

Hu(Fo) = Z{Gln o Ltwj+ -+ w
J

HZ

This group is free Abelian of rank p(f). Since Fp is simply connected, the claim follows. O
Corollary 6. The manifold Fy is parallelizable.

Proof. Since the top homology of Fj vanishes, Fy is non-compact by Poincaré duality, so it
suffices to show that TFy is stably trivial. Since ¢ is locally trivial, the normal bundle of Fj in
S§2n+1\ ¥ and hence in S?"*1 is trivial. Since the normal bundle of $?"*! in C"*! trivial, the
claim follows. O
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Corollary 7. There are isomorphisms

coker(1 — w) i=mn
H; (8% 2) 2 { ker(1 — w) i=n+1
0 otherwise.

Proof. By Proposition 5, the E2-page of the Serre spectral sequence for the fibration ¢ vanishes
outside of bidegrees (0,n) and (1,n). For degree reasons, there can be no nonzero differentials,
so the spectral sequence collapses at this page. Using the identification S ~ K(T,1), we have
E?, = H.(T;H,(Fp)), and the claim follows from consideration of the exact sequence of Z[T-
modules

t—(1-t) t—0

0 7T Z[T] zZ 0.

O

We write A for the characteristic polynomial of w, thought of as an operator on H, (Fp). In
other words,

A(z) = det(z — w)
Proposition 8. The manifold ¥ is homeomorphic to S*"~1 if and only if |A(1)| = 1.

Proof. Multiplication by w is an isomorphism if and only if |A(1)| = 1 if and only if S?"*1\ &
has the homology of a point. By Alexander and Poincaré duality,

Hy(S*"H\ 5) = B2 (2) = B (S),

so this statement is equivalent to the statement that ¥ is a homology sphere, again by Poincaré
duality. Since ¥ is simply connected, the generalized Poincaré conjecture applies. O

Using the splitting of H,,(Fp) exhibited in the proof of Proposition 5 and passing to a conve-
nient eigenbasis for multiplication by w; on C[C,,], one finds that

J
k
A(l‘) — H T — H eQ‘mrj/aj
0<r;<aj 7=0

Example 1. Taking n = 2m and f(2) = 23 + 27 + 23 + - + 23,, as in the example of interest,
A(z) is the cyclotomic polynomial ®15(z) = 28 — 27 + 2% — 2* + 2® — z + 1. Thus, in this case,
A(1) =1, and X is a topological sphere.

In order to determine the smooth structure of X, we will compute the signature of Fy. For
this, we make use of the following result—see | , 12.4]. Recall that H,,(Fp) = Z[G]/Ann(n).

Theorem 9 (Pham). The intersection form on H,(Fy) is given by
(g.h) =e(h™"gn),
where € : Z|G] — 7Z is defined by stipulating that
(1) = —efw) = (—1)
and extending linearly by zero.

Notation 10. Given a linear map X : C[G] — C, we write A = >_gec M9)g € C[G]. We further

define a linear automorphism x — Z of C[G] by the requirement that g = g~ *.
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Lemma 11. The signature of Fy is given by
o(Fo) = 04+ (Fo) — o—(Fop),

where o4 (Fy) is the number of characters x : G — C* such that x(é7) is positive (resp. o_(Fp),
negative).

Proof. The set {x : x : G — C*} forms a basis for C[G], and it is easily checked that

xn = x(mXx;
so this basis is an eigenbasis for multiplication by n, whence H,(Fp;C) = C(xn | x(7) # 0).
Moreover, the intersection form is diagonal in this basis, since

L = IGIx(én)  x=x
(X, X'n) = e(X'xn) = { .
0 otherwise.
by orthogonality of characters. O
Now, every character of G is a product of characters of the C,;, which are all of the form
Xj(wj) = e?™i/% and it is easy to see that x(7) # 0 if and only if 0 < r; < a; for each j.
Corollary 12. If n is even, then o(Fy) = Ny — N_, where

NJF:#{(TO,...J}I)0<Tj<aj,0<zgm0d2<l}
j=0 "7

(1)=& =(1-wi
=i —
=i = [[wi@—w")
=0
=17 — (=1)",

so that, using the fact that n is even twice, we have
x(én) = (=1)"*R(x(n))
= (=1)"2|lx(m)| cos arg(x(n))

= (—1)n/2||x(17)|| cos arg <H(1 _ eQwirj/aj>)

=0

— 12l cos {3 ang(1 — i)

x(n (; g )

= Intofeos (4 21T 3
=0

= Intalsn (r3°22).

Jj=0

which implies the claim. O
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Proof of Theorem 1. We set n = 2m, ag = 3, a1 = 5, and a; = 2 for 2 < j < 2m. The sum in
question is now

T T 2m —1  10rg + 671 + 15(2m — 1)

3 5 2 30 ’
where 9 € {1,2} and r; € {1,2,3,4}. We find that

107 + 671 € {16, 26, 22, 32,28, 38,34, 44};
@m-1) _ (=n™*+!
2 = 2

moreover, 2m — 1 is odd, so
then the possible values modulo 2 are

31 41 37 47 43 53 49 59
{ } (1,2);

mod 2. There are two cases, then: if m is odd,

30730°30°30°30" 30" 30" 30
if m is even, then the possible values modulo 2 are
1 11 7 17 13 23 19 29
{ beo.

307307307307 307 30" 30" 30
From this we conclude that o(X) = (—=1)™ - 8 O
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