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Summary. A simple parametric model is proposed for data from a point-process version of a reaction time
experiment. It is used to statistically check for the presence and nature of nonlinear inhibition in the eye-
brain-hand system, as well as to study the nature of the reaction time delay distribution. The model tells us
that, in principle, the second-order intensity estimate can be used to determine whether the experimental
subject is systematically observing the first or the second of two flashes transmitted in short succession.
Nonparametric estimates of second-order intensity functions are used in conjunction with this model. In
particular, the model allows for the computation of good bandwidths for intensity curve estimation. A
parametric bootstrap can also be implemented. Our methods are illustrated with 12 runs of data from a
real reaction time experiment. It is found that nonlinear inhibition is present in the eye-brain-hand system.
However, there are insufficient data to distinguish between log-normality and normality in the reaction
time distribution, due partly to confounding with the particular kind of nonlinear inhibition present in
the system.
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1. Introduction
In visual psychophysics, researchers study the brain mecha-
nisms underlying vision by presenting visual stimuli and ob-
taining behavioral responses from an observer (Cornsweet,
1970). In the simple reaction time (RT) experiment, the ex-
perimenter presents a stimulus and measures the time it takes
for the observer to hit a button. Simple RT is of interest
to psychophysicists for two main reasons. First, RT is easy
to measure and is thus a useful tool in studying various vi-
sual mechanisms. Second, the time taken to perform a visual-
motor task is inherently interesting—it indicates the complex-
ity of the operations taking place in the brain, for example.
For these reasons, simple RT has been extensively studied.
References can be found in Simpson et al. (2000).

The traditional simple RT experiment consists of a warn-
ing, a uniformly distributed delay, then the briefly flashed
stimulus. The observer hits a button as quickly as possible,
and the time from the stimulus onset to the response is the
RT. This experiment has three problems. First, because of
the uniform delay distribution, the observer can anticipate
the stimulus. Second, the experiment, with its discrete trials
and warning, is artificial. Third, since stimuli are presented
in isolation, interaction effects cannot be studied.

Following Brillinger (1975a), an alternative approach con-
sists of presenting the flashes according to a Poisson process
and recording the time of each button press. The resulting
data can then be analyzed using point-process techniques.
For example, an estimate of the cross-intensity function (see
Section 3) between the stimuli point process and the response
point process yields information about the average impulse
response of the eye-brain-hand system. The time at which
the peak of the average impulse response occurs can be used
as a measure of RT. The irreducible minimum RT is defined
as the fastest possible RT that is approached as the stimulus
strength (e.g., brightness of the flash) increases.

This modified simple RT experiment resolves the issues
listed above: the stimulus cannot be anticipated, the experi-
ment is quite similar to real-world tasks such as driving a car,
and interactions among the stimuli can be studied.

This approach was adopted by Simpson et al. (2000),
where it was used to more accurately estimate the irreducible
minimum RT. That study suggested that the previously re-
ported values of this quantity have been underestimated, be-
cause of stimulus predictability that confounds the traditional
experiment. That article also reported evidence of nonlin-
ear inhibition and facilitation between pairs of flashes. The
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methodology was based on the point-process analogue of
the Wiener-Volterra expansion (Brillinger 1975b, 1976, 1992).
The construction of such an expansion requires the estima-
tion of several point-process parameters. In particular, prod-
uct moment densities or intensity functions must be estimated
nonparametrically. Formal hypothesis testing was not under-
taken by Simpson et al. (2000); thus, some of the conclusions
of that work must be viewed as tentative.

Our present purpose is to make inferences, where possible,
about the mechanisms in the eye-brain-hand system, using
data from a reaction time experiment. The data only pro-
vide indirect information about such mechanisms. Thus, it is
safest to make minimal statistical assumptions; nonparamet-
ric estimation is a natural methodology in such a setting. This
was the program followed by Simpson et al. (2000), and our
present work is a continuation along this line. However, there
are a number of difficulties associated with nonparametric
estimates that a reasonable model would assist in resolving.
First, nonparametric curve estimates are sensitive to band-
width choice; we propose the use of a parametric model to
help choose a bandwidth according to a direct-plug-in pro-
cedure advocated strongly, for example, by Wand and Jones
(1995). Second, confidence bands for curve estimates are de-
sirable. The nonparametric point-process bootstrap described
in Braun and Kulperger (1998) is not practical because very
large samples are required to achieve reasonable accuracy.
Parametric bootstrap methods are more accurate, provided
the underlying model gives a good approximation. Finally, a
parametric model can provide a basis for understanding the
behavior of nonparametric estimates. We can look for fea-
tures in the nonparametric estimates that are predicted by
the parametric model, or we may detect features that are not
so predicted. This last point is an example of what Vere-Jones
(2002) has termed “an interrogative use of a model.”

In this article, we propose a parametric model for reaction
time to be used in conjunction with nonparametric intensity
function estimates. The model will be used to determine good
bandwidths and it will be used as a basis for a parametric
bootstrap. It will also play an interrogative role as described
above.

The outline of the rest of the article is as follows. We in-
troduce our parametric model in Section 2. A description
of point-process intensity functions is given in Section 3,
together with their functional forms under our parametric
model. Nonparametric estimates are also described there. Sec-
tion 4 describes our estimation and testing methodology, while
Section 5 illustrates the use of our procedures on 12 runs of
data from a real RT experiment.

2. A Parametric Model for the RT Experiment
In a specific reaction time experimental run, flashes were pre-
sented to a subject according to a homogeneous Poisson pro-
cess with rate pA per second. That is, a light was flashed on
momentarily to be observed by a subject at each of the end-
points of a sequence of intervals having independent and ex-
ponentially distributed lengths (with mean 1/pA). The output
process consisted of the points in time at which the subject
indicated observation of the stimulus by depressing (and re-
leasing) a button.

The flash and response process can be thought to have been
observed by the experimenter on an interval [0, T ].

We denote the number of flashes in the time interval X by
A(X), and we denote the set of times of the flashes by the
sequence= {A1, A2, . . .}. Analogous notation is used for the
subject’s response times; that is, B = {B1, B2, . . .} is the set
of response times. Note that A is taken to be a stationary
Poisson process, and B is assumed to be a simple sta-
tionary point process (that is, its statistical properties are
time invariant). More information on point processes can be
found in the articles by Brillinger (1975a,b, 1976, 1992, 1994)
as well as the monographs by Karr (1986), Daley and
Vere-Jones (1988), Reiss (1993), and Stoyan, Kendall, and
Mecke (1995).

We model the relation between the flash process and
response process in the RT experiment using standard
point-process operations. These operations are described by
Reiss (1993), for example. Our model can be outlined as
follows:

1. Superposition. Let pS denote the rate of an additional
independent Poisson process S which is superposed onto
the process of flashes. Denote the resulting superposed
process by A′. That is, A′ = A ∪ S.

2. Thinning. For j = 1, 2, 3, . . . , the jth point of A′ is
deleted with probability πj , independently of all other
flashes and perceived flashes. Consider two models for
πj . Either

πj = D(A′
j −A′

j−1) (T.1)

or

πj = D(A′
j+1 −A′

j) (T.2)

D(·) is a nonincreasing function. In both cases, denote
the thinned process by A′′.

3. Random Translation. Let Bi = A′′
i + Vi , for i = 1, 2, . . . ,

where {Vi} is a sequence of independent and identically
distributed random variables with density fV (v).

A psychophysical interpretation for the superposition op-
eration is as follows. Noise internal to the nervous system is
added to the sequence of signals induced by the actual flashes.
The observer makes a sequence of decisions as to whether a
flash has occurred, based on noisy data. When a datum ex-
ceeds some threshold, the observer decides there is a flash. A
false alarm occurs when the noise alone exceeds the criterion.
It should be noted that the flash itself has fixed luminance
with negligible noise.

The thinning operation corresponds to a failure to respond
to the flash at A′

j , possibly because of an interaction (specif-
ically, an inhibition) effect with either the flash at A′

j−1 or at
A′

j+1. It could also be caused by “temporal summation”; the
idea here is that the human visual system is a lowpass tempo-
ral filter and so two stimuli in quick succession are summed.
The two flashes are combined by the visual system and the
observer sees only one bright flash (and so hits the button
only once). One of the flashes incorporates the other; both
are visible, but they are not seen as distinct.
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We study the case where the deletion probability D(x) is a
piecewise constant function:

D(x) =

{
1, x < d

p, x ≥ d
. (1)

Here, d ≥ 0, and p ∈ [0, 1]. If d = 0, deletions occur with
probability p, completely independently of the flash process.
This is a linear model (see, e.g., Brillinger, 1976); individual
flashes stimulate individual responses and there is no interac-
tion effect due to consecutive flashes. If d > 0, some deletions
occur independently of the process, but flashes or apparent
flashes within d time units of their predecessor (alternatively,
successor) are deleted with probability 1; there is nonlinear
inhibition due to consecutive flashes occurring too close to-
gether in time.

The random variables Vi introduced by the translation op-
eration correspond to the amounts of time required for the
brain and hand to respond to the flash; these are the par-
ticular RT for each event. At various points in this article,
we will consider normal and log-normal distributions. There
is some empirical evidence from the classical form of the RT
experiment that, in the absence of time pressure, the RT are
often log-normally distributed (e.g., Green and Smith, 1982).
Ulrich and Miller (1993) have provided some theoretical jus-
tification for this by considering the RT random variables as
products of independent and identically distributed random
variables. We will later see that it is difficult to discern a dif-
ference between the normal and log-normal distributions at
parameter values that are realistic for the RT experiment.

3. Point-Process Intensity Functions
and the RT Experiment

The response rate, or first-order intensity of the B process,
pB , satisfies

E{B(Y )} = pB |Y |L. (2)

Here, |Y |L refers to the length of the interval Y. Roughly
speaking, the probability that a response occurs in an ar-
bitrary time interval of length h is approximately pBh. The
second-order intensities pAB (u) and pBB (u) satisfy

E{A(X)B(Y )} =

∫
X

∫
Y

pAB(y − x) dx dy, (3)

E{B(Y1)B(Y2)} =

∫
Y1

∫
Y2

pBB(y2 − y1) dy1 dy2 + pB |Y1 ∩ Y2|L.

(4)

These functions and associated estimates have been studied
by Brillinger (1975b), for example. Of course, pAA(u) is also
defined, but is not of interest here.

The quantity pAB (u)h2 can be interpreted as the approxi-
mate probability that a flash occurs in an arbitrary interval
of length h, and that a response occurs in a similar interval
but u time units later. The quantity pAB (u) − pApB is pro-
portional to the cross-intensity function (Brillinger, 1976). If
flashes and responses occur independently of each other, we
have pAB (u) − pApB = 0; more realistically, there will be de-
pendence between flashes and responses that will likely de-
crease as u becomes large, so that pAB (u) − pApB

.
= 0, for

large u. The function pBB (u) is related to the autointensity
function pBB (u)/pB − pB . If responses occur independently of
each other, which happens, for example, when the B process
depends linearly on the A process, we have pBB (u) − p2

B = 0.
Again, short-range dependence among the responses might re-
sult in a nonzero autointensity function for small u. Brillinger
(1975b) gives mixing conditions that generalize this notion of
asymptotic independence to the higher-order intensities, or
more precisely, to the cumulant intensities; these conditions
are tacitly assumed in the rest of the article.

In the Appendix, we show that the response rate is given
by

pB = (1 − p)(pA + pS)e−(pA+pS )d. (5)

We also show that

pAB(u) = pApB

[
P {V /∈ (u− d, u)} +

fV (u)

pA + pS

]
(6)

under thinning assumption T.1, and

pAB(u) = pApB

[
P {V /∈ (u, u+ d)} +

fV (u)

pA + pS

]
(7)

under T.2. The function pBB (u) is the same under both T.1
and T.2:

pBB(u) = p2
BP (|V2 − V1 − u| > d). (8)

V, V 1, and V 2 are independent random variables having com-
mon density fV (v).

Graphs of pAB (u) for the log-normal density are plotted in
the top panel of Figure 1 using a realistic parameter setting,
and under the two different thinning assumptions. The effect
of the d parameter is to depress the region to the right of
the peak when thinning assumption T.1 is operative, and to
depress the region to the left of the peak when T.2 is oper-
ative. Thus, in principle, this second-order intensity function
can be used to determine whether someone is systematically
observing the first or the second of two flashes observed in
short succession.

The presence of the term involving fV (u) in (6) and (7)
suggests that a plot of an estimate of pAB (u) will be of some
use in identifying the density of the Vi . However, the lower
panel in Figure 1 indicates that it might be difficult to distin-
guish between normal and log-normal cases. The log-normal
density exhibits some asymmetry, which would usually help
to distinguish it from the normal density. However, the thin-
ning mechanism also imposes a slight asymmetry on pAB (u),
even in the normal case. Thus, the model tells us that distin-
guishing between normal and log-normal RT densities may be
difficult. On the other hand, if the truth is really log-normal,
the normal will provide a very good approximation.

More information about the nonlinear inhibition parameter
d is contained in the function pBB (u). If d = 0, then pBB (u) is
constant. Otherwise, there is a trough centered at the origin.
The width of this trough is governed by the magnitude of the
parameter d, as exhibited in Figure 2, which contains plots
of pBB (u) for three values of d while the other parameters are
held constant.

We have seen that the parametric model predicts certain
behavior in the functions pAB (u) and pBB (u). Nonparametric
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Figure 1. The top panel shows the function pAB (u) for log-
normal RT under thinning assumptions T.1 (solid curve) and
T.2 (dotted curve), with pS = 0.015, p = 0.1, d = 0.25,
µ = −0.8, and σ = 0.2. The lower panel shows the func-
tion pAB (u) under the normal RT model with thinning as-
sumption T.2 (solid curve) using µ = 0.42, σ = 0.1, d = 0.16,
p = 0.182, and pS = 0.015. The dotted curve represents pAB (u)
under the log-normal model with thinning assumption T.1 us-
ing µ= −0.78, σ = 0.22, d = 0.2, p = 0.17, and pS = 0.015.

Figure 2. The function pBB (u) in the log-normal case with
pS = 0.015, p = 0.17, µ = −0.78, σ = 0.22, and d = 0 (solid
curve), d = 0.1 (dashed curve), and d = 0.2 (dotted curve).

methods must be used to estimate these functions (e.g.,
Brillinger, 1975b, or Brillinger, 1994). An estimate for the
first-order intensity pB is given by

p̂B = B([0, T ])/T. (9)

For the second-order intensity estimates, let K(x) denote a
symmetric second-order smoothing kernel with compact sup-
port, and let h be an appropriately chosen bandwidth. In
this article, we employ the biweight kernel, K(x) = (15/16)
×(1 − x2)2I (|x|<1). Set

p̂AB,h(u) = (Th)−1
∑
i

∑
j

K

{
u− (Bj −Ai)

h

}
(10)

and

p̂BB,h(u) = (Th)−1
∑
i

∑
j 
=i

K

{
u− (Bj −Bi)

h

}
. (11)

Brillinger (1975b) has shown that under the cumulant mixing
conditions alluded to above, the intensity function estimates
are asymptotically normal as h → 0 and Th → ∞. The re-
spective means are

E{p̂AB,h(u)} =

∫ 1

−1

K(u1)pAB(u− u1h) du1 (12)

and

E{p̂BB,h(u)} =

∫ 1

−1

K(u1)pBB(u− u1h) du1. (13)

The bias in each case is of order O(h2). The asymptotic vari-
ances are given by

pAB(u)

Th
and

pBB(u)

Th
.

4. Estimation and Testing Methodology
We now give an outline of the calculations required to render
accurate plots of and confidence bands for second-order inten-
sity functions. Such accuracy requires a good bandwidth, and
this, in turn, is facilitated by the estimation of the parameters
in our model.

4.1 Parameter Estimation
Maximum likelihood estimation is very difficult, if not impos-
sible, for our parametric model, because of the lack of a closed-
form expression for the likelihood function. The complete
intensity function cannot be expressed in a useful form; thus,
the likelihood function (e.g., Daley and Vere-Jones, 1988) can-
not be obtained. One might try an EM-style algorithm where,
for example, the Vj ’s are considered as latent variables. Such
an algorithm would be highly computationally intensive and
likely unstable. Instead, we have adopted a quick approxima-
tion method.

Our algorithm requires several passes through the response
data. During the first pass, each response time Bj is matched
to the flash time immediately preceding it (denote this flash
time by Â′′

j). The differences Bj − Â′′
j are taken as initial es-

timates of the reaction times Vj . The mean and standard de-
viation of the Vj estimates are then computed (on the log
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scale, if the log-normal model is used). On succeeding passes
through the responses, each Bj is matched with a preceding

flash now chosen so that the resulting difference Bj − Â′′
j is

closest to the mean of the current set of Vj estimates. The Vj

estimates are thus updated, and after each pass through the
responses, the mean and standard deviation are also updated
accordingly. After a few such iterations, the Vj estimates and
their corresponding mean and variance stabilize. We used six
iterations to obtain our estimates.

Occasionally, a single flash Â′′
j corresponds to more than

one response. The number of such flashes divided by the du-
ration of the experimental run is used as an estimate of pS .

The parameters p and d can be estimated using a least-
squares technique. First, note that the nonparametric estima-
tor p̂BB,h(u) is, by definition, unbiased for E{p̂BB,h(u)}, for
any bandwidth h. Thus, using an arbitrary bandwidth, a set
of gridpoints ui in an appropriate interval, and the previously
obtained estimates for µ, σ, and pS , the quantity∑

i

[p̂BB,h(ui) −E{p̂BB,h(ui)}]2

can be minimized with respect to d and p. The expectation
can be computed numerically; the trapezoid method is satis-
factory. A further simplification results from noting that the
nonparametric estimator for pB given at (9), together with
the equation (5), allows the parameter p to be expressed as
an explicit function of d. Thus, E{p̂BB,h(u)} can be expressed
explicitly in terms of d only. Thus, the minimization is uni-
variate. We used 401 evenly spaced gridpoints in (0, 1), and
bandwidth h = 0.4 in our computations. Although any band-
width can be used, the efficiency of the estimator for d will
vary.

We should also mention an alternative method for estimat-
ing µ and σ, in which one minimizes∑

i

[p̂AB,h(ui) −E{p̂AB,h(ui)}]2

with respect to µ and σ. To do the minimization, E(p̂AB,h)
is evaluated at the estimates of d, p, and pS , obtained us-
ing the above algorithm, and under one of the two thinning
assumptions.

Weak consistency of the least-squares estimators for µ, σ,
and d can be established using Taylor’s theorem, together
with the fact that the nonparametric estimators for pAB (u)
and pBB (u) are consistent. Consistency of the estimators for
p and pS may be more difficult to establish.

4.2 Bandwidth Selection
The bandwidth minimizing the asymptotic mean squared er-
ror (AMSE) in p̂BB,h(u) is given by

hAMSE =

[
35pBB(u)

{p′′BB(u)}2T

]1/5

(14)

when the biweight kernel is used. This bandwidth will ren-
der a very good approximation to pBB (u). Often, one tries
to obtain a reasonable approximation over an interval. Then,
one minimizes the asymptotic mean integrated squared error
(AMISE) (e.g., Wand and Jones, 1995) over the given interval

with the bandwidth

hAMISE =

[
35

∫
pBB (u)

{
∫
p′′BB (u)}2T

]1/5

. (15)

Good estimates of both hAMSE and hAMISE are obtainable us-
ing our fitted model. Because of the similarity between the
log-normal and normal distributions at the relevant param-
eter settings, it is sufficient to develop these expressions for
the normal case. These expressions take a simple form; the
log-normal case is feasible, but the slight increase in accu-
racy is not worth the accompanying increase in computational
complexity.

Using the formula for pBB (u) given at (8), and the fact
that V 1 and V 2 are hypothesized to be independent normal
random variables with mean µ and variance σ2, we can write

pBB(u) = p2
B

{
1 + Φ

(
x− d√

2σ

)
− Φ

(
x+ d√

2σ

)}

where Φ(·) denotes the standard normal c.d.f. The second
derivative of this is

p′′BB(u) =
p2
B

2σ2

{
(x− d)φ

(
x− d√

2σ

)
− (x+ d)φ

(
x+ d√

2σ

)}
.

Here, φ(·) denotes the standard normal p.d.f.
Replacing pBB (u) by pAB (u) everywhere in (14) and (15)

yields the corresponding optimal bandwidths for the estimate
of pAB (u). Again, the normal and lognormal cases give very
similar numerical results. Furthermore, the results do not de-
pend strongly on the thinning assumptions. In the normal
case, under T.1, we use

pAB(u) = pApB

{
1 − Φ

(
u− µ
σ

)
+ Φ

(
u− d− µ

σ

)

+
1

(pA + pS)σ
φ

(
u− µ
σ

)}
and

p′′AB(u) =
pApB
σ2

[
(u− d− µ)φ

(
u− d− µ

σ

)

+

{
(u− µ)2

σ2 − 1 − u+ µ

}
φ

(
u− µ
σ

)]
.

4.3 Bootstrapped Confidence Bands
To obtain accurate estimates of the intensities, the band-
width should be chosen as described in the previous section,
but when producing confidence bands, a smaller bandwidth
is usually recommended (e.g., Hall, 1992) because of bias. We
sidestep this issue by studying the expected value of the in-
tensity estimates instead of the intensities themselves.

The following technique can be used to obtain accurate con-
fidence bands for E{p̂BB(u)} (see, e.g., Davison and Hinkley
(1997)).

1. Estimate the model parameters for the given data.
2. Generate R samples using our model and the estimated

parameters.
3. For each of these samples, calculate a nonparamet-

ric estimate p̂BB,h(u) and determine its minimum and
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maximum deviation from E{p̂BB,h(u)}

m = minu∈I
√
p̂BB,h(u) −E{

√
p̂BB,h(u)} and

M = maxu∈I
√
p̂BB,h(u) −E{

√
p̂BB,h(u)}

on the domain I of interest. The delta method is used to
compute an approximation to E{p̂BB,h(u)}(1/2).

4. Let Dm(h) and DM (h) be the (α/2) ·Bth and the
(1 − α/2) ·Bth quantiles m and M, respectively.

5. Define 1 − α confidence bands by

{
√
p̂BB,h(u) +Dm(h)}2 and {

√
p̂BB,h(u) +DM (h)}2,

for u ∈ I, where p̂BB,h(u) is the nonparametric estimate
computed for the original data. The bandwidth derived
in the preceding section can be used here.

The validity of this parametric bootstrap procedure does
not depend on the bandwidth h. However, the width of the
confidence bands depends on h. A reasonable choice is to use
the optimal AMISE bandwidth, as described in Section 4.2.
Note the use of the variance-stabilizing square-root transfor-
mation (e.g., Brillinger, 1992).

These confidence bands can be used to test for nonlinear
inhibition: in the absence of nonlinear inhibition, pBB (u) and
E{p̂BB,h(u)} should be constant; thus, we can conclude that
there is nonlinear inhibition if a horizontal line cannot be
contained within the confidence bands.

Confidence bands for E{p̂AB,h(u)} can be obtained by re-
placing p̂BB(u) by p̂AB(u) and p̂BB,h(u) by p̂AB,h(u) every-
where in the above algorithm. Using the confidence bands
for E{p̂AB,h(u)}, one may test the appropriateness of the
respective thinning assumptions in the following way. If the
null hypothesis is T.1, then one obtains confidence bands for
E{p̂AB,h(u)} and overlays a graph of E{p̂AB,h(u)} computed
under the T.1 assumption and evaluated at the parameter es-
timates. (The alternative method of estimating µ and σ works
better here, since the thinning assumption can be explicitly
used.) If the overlaid curve falls outside the confidence bands,
we have evidence against the assumption T.1 as postulated
by the model. Similarly, we can test the null hypothesis of
T.2.

We can also test normality versus log-normality by overlay-
ing the intensity function evaluated at the estimated param-
eter values, and identifying regions where the fitted intensity
falls outside the confidence bands.

The power of the tests of the thinning assumptions in-
creases with d and T, while the power of the tests of nor-
mality versus log-normality can be low unless T is very large.
When d = 0.25 and T = 300, simulations indicate that if the
true model is log-normal with thinning assumption T.2, then
the power at the normal T.2 alternative is around 10% for
a size 5% test. By contrast, the power at a normal or log-
normal T.1 alternative exceeds 70%. Thus, we have a hope of
distinguishing between the thinning assumptions, but we will
have lower power for distinguishing between normality and
log-normality; this is not surprising, since we demonstrated
the potential for such difficulties in Figure 1.

5. Results and Discussion
We applied our methodology to 12 runs of data from a real
RT experiment. The runs lasted about five minutes (i.e., T =

Table 1
Parameter estimates for each of the twelve reaction

experiment runs

Experiment no. µ̂ σ̂ d̂ p̂ p̂S

1 0.435 0.090 0.279 0.166 0.003
2 0.476 0.101 0.215 0.225 0.013
3 0.441 0.103 0.229 0.048 0.015
4 0.431 0.088 0.243 0.110 0.007
5 0.443 0.088 0.207 0.121 0.036
6 0.438 0.082 0.171 0.196 0.019
7 0.439 0.102 0.193 0.163 0.026
8 0.467 0.096 0.185 0.314 0.009
9 0.449 0.102 0.301 0.105 0.010

10 0.445 0.087 0.271 0.087 0.015
11 0.441 0.091 0.154 0.139 0.028
12 0.421 0.105 0.221 0.149 0.014

300 seconds), during which a single observer was presented
with flashes of a small spot having diameter 0.5-minute arc,
which was viewed at a distance of 3.4 m. The rate pA = 1 had
been chosen by Simpson et al. (2000) to be roughly compara-
ble with classical RT experiments. Details of the experiment
are given in Simpson et al. (2000), and the data are available
at http://fhis.gcal.ac.uk/VS/wsi/software/.

5.1 The Fitted Model
Table 1 displays the estimates of the model parameters, as-
suming normality. As might be expected, the estimates of µ
and σ are fairly stable, near 0.44 and 0.1, respectively. The
estimates of d are considerably more variable, ranging from
0.15 to 0.3. Estimates of p are more variable still, while the
estimates of pS tend to be very small, suggesting that there
is not a lot of superposed noise in the system.

5.2 Is There Nonlinear Inhibition?
Figure 3 displays bootstrapped 95% confidence bands for the
function pBB (u) based on the first run of experimental data,
using the AMISE-optimal bandwidth described in Section 4.2.

Figure 3. Bootstrapped 95% confidence bands (dashed
curves) for the function pBB (u) (estimated, using h = 0.35,
is the solid curve) based on the first experimental run of re-
action time data.
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Figure 4. Bootstrapped 95% confidence bands (dashed
curves) for the function pAB (u) (solid curve is the estimate,
using h = 0.1) based on the first experimental run of reaction
time data. Overlaying the plot are graphs of E{p̂AB,h(u)} un-
der thinning assumptions T.1 (dashed-dotted curve) and T.2
(dotted curve).

The hypothesis of no nonlinear inhibition is rejected since no
horizontal line can be contained within the confidence bands.

The other 11 data sets yield the same result. We have clear
evidence, in each case, that the flashes are not being thinned
in a completely random manner.

5.3 Testing the Thinning Assumptions Using pAB (u)

Figure 4 displays 95% confidence bands for the function
pAB (u) based on the first run of experimental data, using the
AMISE-optimal bandwidth. A slight asymmetry is evident.

Graphs of E{p̂AB,h(u)} under thinning assumptions T.1
and T.2 have been added to the plot. In both cases, we have
used the normal model with parameters estimated by con-
tinuous least squares, as described in Section 4.3. It is clear
that the data are not consistent with assumption T.1, while
they may, at best, be marginally consistent with T.2. In any
event, the inhibition mechanism suggested by the model does
not sufficiently explain these data. One might speculate that
a combination of the two types of thinning is operative here.

In studying the other experimental runs, different conclu-
sions are reached. For example, in the second experimental
run, we still see inconsistency with T.1, but the curve cor-
responding to T.2 lies within the confidence bands, except
in the region near u = 0.8, where there is a statistically sig-
nificant depression. This extra dip appears in several of the
data sets and is not explained by the parametric model at all.
One possibility is that this extra oscillation is induced by the
mechanics of the subject’s finger.

It was found that the hypothesis T.1 was rejected in all but
1 of the other 10 data sets. The hypothesis T.2 was rejected
in 4 of these data sets. Thus, the thinning assumption T.1, as
postulated under the parametric model with a normally dis-
tributed reaction time, is not consonant with the data. Under
normality, thinning assumption T.2 often gives a better fit to
the data, but it is not completely adequate. We also tested
the two thinning assumptions under the log-normal assump-
tion, whence T.1 was rejected only 5 out of 12 times, while
T.2 was rejected in 6 cases.

We conclude that the eye-brain-hand system is deleting
flashes in a nonlinear way, but the mechanism suggested by
our model does not give a complete description as to how this
is happening.

5.4 Conclusions
We have demonstrated how the interplay between a paramet-
ric model and nonparametric estimation can lead to improved
analysis and interpretation of point-process data. The model
tells us that we can detect the presence of a nonlinear inhi-
bition by examining a plot of the the second-order intensity
function estimate for the responses. If the subject is systemat-
ically observing the first or the second of two flashes observed
in short succession, this kind of thinning behavior can be de-
duced from the estimate of the second-order intensity function
relating the responses to the flashes.

The model facilitated the selection of good bandwidths for
second-order intensity estimates as well as a parametric boot-
strap procedure. It has allowed us to reach some firm conclu-
sions about the given data: a nonlinear thinning mechanism
is likely operative in the eye-brain-hand system of the sub-
ject. The nonlinear inhibition mechanism given by assumption
T.1 appears to be incompatible with a normal reaction time
distribution.

The model has revealed limitations in the nonparametric
methodology: distinguishing between normal and lognormal
reaction time densities would require substantially more data,
because of a partial confounding with the type of thinning
mechanism.

In turn, the nonparametric estimates allow us to detect
some weaknesses in the proposed model. For example, the
exact nature of the thinning operation is not clear; we can
say with certainty that it is more complex than what the
model postulates.
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Résumé

Nous proposons un modèle paramétrique simple pour des
données de processus ponctuel issues d’une expérience sur des
temps de réaction. Il est utilisé pour vérifier statistiquement
la présence et la nature d’une inhibition non-linéaire dans
le système æil—cerveau—main, mais aussi pour étudier la
nature de la distribution du retard de temps de réaction. Le
modèle indique, en principe, que l’estimation de l’intensité
de second ordre peut être utilisée pour déterminer si le sujet
expérimental observe systématiquement le premier ou le sec-
ond des deux flashes transmis pendant une période courte.
En particulier, le modèle tient compte dans le calcul des
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bonnes distances pour l’évaluation de la courbe d’intensité.
Un bootstrap paramétrique peut aussi être mis en æuvre. Nos
méthodes sont illustrées avec douze jeux de données d’une
expérience réelle sur des temps de réaction. Nous trouvons
que l’inhibition non-linéaire est présente dans le système æil—
cerveau—main. Cependant, il n’y a pas assez de données pour
distinguer entre la lognormalité et la normalité de la distri-
bution du temps de réaction, cela est du, en partie, à une
confusion avec la non-linéarité de l’inhibition présente dans le
système.
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Appendix

Derivations of the Intensity Functions

We first derive the expression for the first-order intensity of
the B process, noting first that for small h > 0,

E{B(x, x+ h)} =

∫ x+h

x

pB(x1) dx1. (A.1)

It is also true that

E{B(x, x+ h)} =

∫ x+h

x

E{dB(x1)}. (A.2)

Because of the translation mechanism in the model, we have

E{dB(x1)} = E{dA′′(x1 − Vx1)} (A.3)

where the Vx represent independent random variables from a
population having density f(v). Conditioning on the A′ ′ pro-
cess, we have

E{dB(x1)} =

∫
E{dA′′(x1 − v)}f(v) dv. (A.4)

Under thinning assumption T.1, we have

E{dA′′(x1 − v)}
= E[dA′(x1 − v)I{A′(x1 − v− d, x1 − v)=0}I(Ux1−v > p)]

(A.5)

and under T.2, we have

E{dA′′(x1 − v)}
= E[dA′(x1 − v)I{A′(x1 − v, x1 − v+ d)=0}I(Ux1 −v >p)].

(A.6)

Here, the Ux are independent uniform random variables on
[0, 1]. Conditioning on the A′ process and recognizing that
A′ = A + S, where S is an independent Poisson process rep-
resenting the superposed “flashes,” we have

E{dA′′(x1 − v)} = (1 − p)E{{dA(x1 − v) + dS(x1 − v)}
× I{A(x1 − v − d, x1 − v) = 0}
× I{S(x1 − v − d, x1 − v) = 0}].

(A.7)

or

E{dA′′(x1 − v)} = (1 − p)E[{dA(x1 − v) + dS(x1 − v)}
× I{A(x1 − v, x1 − v + d) = 0}
× I{S(x1 − v, x1 − v + d) = 0}].

(A.8)

under T.1 and T.2, respectively.
Stationarity of A and S gives (in both cases)

E{dA′′(x1)} = (1 − p)E[{dA(x1) + dS(x1)}
× I{A(x1 − d, x1) = 0}
× I{S(x1 − d, x1) = 0}],

(A.9)
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so that

E{dA′′(x1 − v)} = (1 − p)(pA + pS)e−d(pA+pS ) dx1.

(A.10)

Inserting this expression into (A.4) and using (A.2) we obtain

E{B(x, x+ h)} = h(1 − p)(pA + pS)e−d(pA+pS )

∫
f(v) dv.

(A.11)

Because f(v) is a probability density function and because of
(A.1), we conclude that∫ x+h

x

pB(x1) dx1 = h(1 − p)(pA + pS)e−d(pA+pS ). (A.12)

Dividing by h, and letting h → 0, we see that the first-order
intensity function for the B process is given by

pB(x) = (1 − p)(pA + pS)e−d(pA+pS ). (A.13)

We now derive the expression for pAB (u), under the thin-
ning assumption T.1. The argument needs only minor modi-
fications (analogous to those described above in deriving pB )
under T.2.

Let x, y, and h be real variables with h > 0. Then

E{A(x, x+ h)B(y, y + h)} = E

{∫ x+h

x

∫ y+h

y

dA(x1)dB(y1)

}
(A.14)

and

E{dA(x1)dB(y1)} = E{dA(x1)dA
′′(y1 − Vy1)}

=

∫
E{dA(x1)dA

′′(y1 − v)}f(v) dv.
(A.15)

The thinning mechanism leads to

E{dA(x1)dA
′′(y1 − v)}

= (1− p)E[dA(x1)dA
′(y1 − v)I{A′(y1 − v− d, y1 − v)=0}].

(A.16)

The independent increments property of the Poisson process
allows us to write

E[dA(x1)dA
′(y1 − v)I{A′(y1 − v − d, y1 − v) = 0}]

= pA(pA + pS)e−d(pA+pS )I{x1 /∈ (y1 − v − d, y1 − v)}
+ pAe

−d(pA+pS )δ(y1 − x1 − v) dx1 d(y1 − v),
(A.17)

where δ(x) refers to the Dirac delta distribution. Upon substi-
tution into (A.16) and then into (A.15) and (A.14), we have

∫ x+h

x

∫ y+h

y

E{dA(x1)dB(y1)}

= (1 − p)
[∫ x+h

x

∫ y+h

y

∫
pA(pA + pS)e−d(pA+pS )

× I{x1 /∈ (y1 − v − d, y1 − v)}f(v) dv dx1 dy1

+

∫ x+h

x

∫ y+h

y

∫
pAe

−d(pA+pS )

× δ(y1 − x1 − v)f(v) dv dx1 dy1

]

= (1 − p)pAe−d(pA+pS )h2

× [(pA + pS)P{x /∈ (y − V − d, y − V )} + f(y − x)]

+O(h3). (A.18)

The last equality follows upon application of a first-order
Taylor expansion of f(v) about y − x. Dividing by h2 and
letting h → 0, we have

pAB(y − x) = (1 − p)pAe−d(pA+pS )(pA + pS)

×
[
P {V /∈ (y − x− d, y − x)} +

f(y − x)
pA + pS

]
.

(A.19)

Finally, y − x may be replaced everywhere by the variable u,
and we may use (A.13) to obtain

pAB(u) = pApB

[
P {V /∈ (u− d, u)} +

f(u)

pA + pS

]
. (A.20)

Turning to pBB (u), we note that under the same thinning
assumption as above, similar arguments to those given above
lead to

E{B(x, x+ h)B(y, y + h)}

= (1 − p)2

∫ ∫
E

[∫ x+h

x

∫ y+h

y:y1 
=x1

dA′(x1 − v1)dA
′(y1 − v2)

× I{A′(x1 − v1 − d, x1 − v1) = 0}

× I{A′(y1 − v2 − d1, y1 − v2) = 0}

×f(v1)f(v2) dx1 dy1

]
dv1 dv2

+ pB |(x, x+ h) ∩ (y, y + h)|L.
(A.21)

In view of (4), we focus on the first term on the right-hand
side of the above equation. Independence of the Poisson in-
crements allows us to rewrite this term as∫ ∫

h2p2
A′e−2dpA′ f(v1)f(v2)

× I{x− v1 /∈ (y − v2 − d, y − v2)}

× I{y − v2 /∈ (x− v1 − d, x− v1)} dv1 dv2. (A.22)

Another application of (A.13), division by h2, and taking the
limit as h → 0 gives the result

pBB(y − x) = p2
BP (|V2 − V1 − y + x| > d). (A.23)

The other thinning assumption leads to this result as well.
Again, y − x can be replaced by the variable u.


