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Abstract

Arnheim wrote extensively about perspective and percepts that were “in between” correct perception of objects and projected shapes. We apply Arnheim’s views to a Renaissance piazza of square tiles. We show the kind the formalization to which the analysis leads, and give a formula applicable to a perspective picture as an example.  We argue Arnheim was answering the Gestalt phenomenological question “why the world looks as it does” with comments that, happily, are also a solution to the Realist question “how perception lets us know about the world.”  Like Renaissance writers, Arnheim recognized perspective had strict limits. Both the Gestalt and the Realist perception theories give accounts of the effects of perspective, and both argue perspective constancy is widespread in perception, but Arnheim is correct that it operates within strict limits. We conclude that perception uses an approximation to perspective. The approximation is close under many circumstances, but it produces what Arnheim called “in between” percepts in more extreme conditions. We conclude it is very inaccurate as conditions become quite extreme.      

Perspective: Arnheim and In-between Solutions

Since this is one of a set of essays in honor of Rudolf Arnheim, now a centenarian, we will begin with some personal observations. One of us, John Kennedy, first met Rudi Arnheim in the 1960s, when Rudi was a distinguished Professor of Art at Harvard and John was a graduate student at Cornell. Rudi was visiting Cornell to give a departmental seminar. John sought an interview with Rudi to discuss his prospective PhD thesis on perspective, outline drawings and shadows. Rudi listened patiently and commented favorably on examples John brought forward from American artists and Indian “Rajput” painters in particular. A year later, John joined Rudi on the faculty at Harvard and they sat-in on each other’s seminars on perception. 

 Rudi and John worked together in Psychology and the Arts, Division 10 of the American Psychological Association, of which both were President. For example, they created a seminar on pictures and perspective with James Gibson and Eric Lenneberg. 

When Rudi went to Michigan, John went to Toronto. He drove on occasion to Ann Arbor with a carload of his graduate students to get more of Rudi’s patient comments on the work of graduate students and outline drawings of blind children and adults, drawings that sometimes entailed perspective projections (Kennedy, 1993; 2003). John and Rudi have maintained a correspondence since then, and John visited Rudi in his 100th year to tell him of plans for the symposium that lead to this set of papers in this journal. Rudi’s extraordinary and beautiful writing about art and perspective in particular remain a source of stimulation for John’s work to this day, as is evident here.        

The perspective problem as central to theories of perception

Before 1400 pictures rarely showed tiled grounds. Piazzas and interior floors were nondescript. In the early 1400s, after Alberti described the Florentine Brunelleschi's perspective geometry for making pictures (Juricevic and Kennedy, 2006), square tiled ground became all the rage in Tuscany's pictures, and then the fashion spread to other parts of Italy. Piero della Francesca in particular carried the knowledge to small towns around the Tuscan countryside, and encouraged local painters to adopt what everyone agreed was this highly successful way of showing the sizes, shapes and distances of objects in pictures. However, despite the astonishing realism achieved by perspective pictures from that day to this, time and again painters have refined and modified their pictures in many ways that violate the strict dictates of the geometry of perspective, simply to make the pictures look right. Piero and Leonardo commented that this was necessary, or viewers would complain about distortions in the picture. Evidently, some perspective projections are fine, Arnheim (1954) argued, so far as vision is concerned. But some projections simply do not fit the visual system.
The major problem for vision according to the earliest philosophers was how we can see the world accurately – the issue of realism. The Gestaltists of the early 20th Century put as the central question “why the world looks as it does” (Koffka, 1935) – the issue of phenomenology.  The two streams of inquiry converge in discussing the puzzling effects of perspective (Kemp, 1990; Veltman, 1998). As Figure 1 shows, square tiles on a ground plain or piazza can project many oddly different patterns and only some look like perfectly square tiles on a horizontal surface. Subjects asked to judge the relative lengths of the sides and widths of the tiles indicate that tiles in a crescent around the vanishing point look to have the proportions of squares, the furthest tiles look thin and the nearest tiles look stretched (Juricevic and Kennedy, 2006).   

Here we will show how Rudolf Arnheim treated perspective effects, from Arnheim (1954) to Arnheim (1996), across many essays. We will integrate his writings, invite the reader to share Arnheim’s phenomenology and provide an example of the formalization Arnheim deemed necessary.   

-----------------------------------------

Insert Figure 1 about here

------------------------------------------

Generally the world looks stable and unchanging despite the varying optical projections that arise as we move around in it. Arnheim (1977) said, writing about architecture, “detachment of the perspective distortion leaves the rectangles, circles and arches in their objective simplicity and symmetry” (page 112). However, “the effects of projective vision are never completely excluded…What is actually seen, instead, is an in-between version of partially straightened-out and partially distorted shapes” (page 113). Arnheim described the straightening and distorting as due to forces restoring projective shapes such as ellipses to simpler or more standard ones such as circles. 

The stability of the world despite perspective became known as “constancy of shape” (Arnheim, 1954, page 71).  How is it achieved?  Here we will treat Arnheim’s summary of perspective effects and leave aside his force theory about what causes the restoration. The summary of effects can stand alone, even if his force theory falls. 

 Arnheim’s brief summary is largely correct, it will be argued here. To keep our terms distinct, we will describe an array of objects on the ground as being on “a ground plain” and pictures of the array as being on “a picture plane.” In our terms, a flat ground stretching to the horizon is a plain, and a surface to which objects are projected is a plane. The base of our discussion will be Arnheim (1954) writing that for an object sitting on a ground plain like Figure 1  “the shape and spatial position of visual objects….depend upon the spatial properties of their environment” and in a related connection “the environment, or ground, establishes the spatial framework of the whole picture” (p. 220).    

Normal perception of the world from different perspectives

In the main, the sizes and shapes of the objects of our environment, such as square tiles making up an Italian piazza, distant buildings sitting on a Midwest ground plain, Arnheim’s woodworking tools resting on his tabletop, or foreground and background people standing in a crowd, are perceived with fidelity. They do not shrink and expand as the visual angle they subtend contracts and increases when observers withdraw or approach. Much of this success has to do with the ground on which objects stand.

Interestingly, we can represent these scenes and objects in many ways, many more ways than occur in normal perspective.  A cube can be shown as if folded out, in a child’s picture. The objects and shapes are recognized in young people’s drawings and paintings from many cultures, albeit we acknowledge the picture introduces spatial patterns not found in nature. Inverted perspective, where distant parts of a table are drawn larger than nearby parts, is common in children’s drawings and Orthodox Christian art (Arnheim, 1996, p. 122). It is also found in drawings by blind children (Kennedy, 2003). 

Arnheim argues that inverted perspective is useful for showing two sides and the front and top simultaneously, and is not a misunderstanding of optical convergence (Arnheim, 1988, p. 227). Further, “no draughtsman has ever seen a projective image the way he draws it, namely as totally flat, with all distortions, boundaries etc., fully present” (Arnheim, 1977, p. 113). The important point here is that we attribute projective effects to different sources, including “crediting to one’s own subjective outlook and crediting…to the object itself” (Arnheim, 1977, p. 117).  Indeed, in the 3-D world distant objects often do look small, he points out, due to perspective (Arnheim, 1969, p. 293). Since we get some “in-between” percepts, the crediting is done by a perceptual system that only approximates accuracy.

 As Arnheim (1969) notes, in the early 1400s during in the late Italian Renaissance, “Alberti and Brunelleschi introduced infinity into painting through the geometrical construction of central perspective” (page 288). Very helpfully, this construction shows immense distances, and when observers make judgments over a wide range of distances the fact that vision only approximates correct distance perception becomes clearly evident. “Inhomogeneity of perceptual space is built into the experience of vision as a constant condition” (Arnheim, 1969, page 293). 

 In accord with Arnheim, Piero della Francesca reported that Renaissance observers complained of a lack of fidelity in perspective pictures (della Francesca, 1480/1981). He noted that many observers “were in doubt whether perspective is a true science, judging it falsely from ignorance.” (p. 261). He went on to record that the problem was that, in some pictures of square tiles forming a piazza, for instance, “…those foreshortened appear larger than those not foreshortened.” (p. 261).  On the margins of perspective pictures, as Figure 1 reveals, tiles that are square in the world often appear rather long, stretched in depth, and in contrast to foreshortening we might call these “forelengthened” (Kennedy and Juricevic, 2003). 

Leonardo strongly advised Renaissance artists to crop pictures to avoid showing the marginal distortions (Kemp, 1990). His rule of thumb was to curtail pictures so they were no bigger than half the distance from the correct center of projection. Thereby marginal distortions are cut away. Figure 2 contains an inset rectangle that shows how little is left of Figure 1if a cut is made at twice what Leonardo would allow, i.e. at a distance equal to the correct viewing distance. Any further cut would eliminate all the quadrilaterals in Figure 1. 

Camera manufacturers today generally do not advertise and promote wide-angle camera lenses to the general public. A standard camera lens takes in a narrow cone of light, so it makes a picture that comes close to following Leonardo’s rule. Alas, Leonardo had no explanation of the perceptual effects he avoided. Here we will make good and his studious caution will be given a firm foundation.

-------------------------------------

Insert Figure 2 about here

-------------------------------------- 

Cinema and television originally used screens that were close to square to show narrow-angle pictures fitting Leonardo’s rule of thumb. Later cinema used wide screens but also curved the picture surface which lessens the projective distortions on the side. Later still, very wide-angle, wrap-around cinema used multiple cameras and projectors, each camera and projector conforming to Leonardo’s rule. Occasionally, news photographers and some enterprising cinematographers use wide-angle pictures and the result is images that appear intriguingly distorted. For example, space ships in an adventurous science-fiction movie may be depicted as approaching and passing the observer, and as they pass they look as if they elongate. They look rubbery, and far from rigid.     

As Arnheim noted, distant objects can look small. Figure 1 not only reveals in its left, right and lower margins overstretched tiles but also the uppermost and most distant tiles typically are judged to be slim rectangles, long axis oriented left-right. (However, as we will note later, if the picture is viewed quite close up, tiles that are objectively foreshortened can appear especially long in depth, and forelengthened tiles can look short.) 

As a result of the perceived flaws that Piero and Leonardo pointed out, “during the centuries following the introduction of central perspective into the pictorial practice of the West, the rules were not applied literally. Artists modified them to suit their own visual judgment …. helping the geometrical construction look more convincing “(Arnheim, 1986, p. 178).    


Perspective is the master geometry of vision. It controls projected shape. It governs light and cast shadows.  It is the problem at the core of constancy. It applies to real 3-D things, objects in depictions, and perception of the shapes on the depicting surface. Each needs an account and, though we are still far from a complete story, the essential facts are easily listed. Some have been apparent since the Renaissance. So let us begin with that.   

Arnheim lead his readers towards his theories by giving concrete examples. Likewise, let us begin with the key example of the basic phenomenon, the piazza shown in Figure 1.  

Piero della Francesca’s ground plain 

Italian painters and architects in the 1400s realized that much of perception could be examined with a panoramic picture of a ground plain, preferably textured with tiles like a very large piazza. Piero della Francesca realized that if a single ground plain could be drawn, textured by uniform tiles, it would imply the distance, size and shape of all the objects sitting on it. A “ground-based” theory of perception is a complete theory of visual size and shape. It allows for accurate perception, and it indicates why the world looks as it does. Brunelleschi’s perspective geometry would have allowed him to draw the ground plain, and Piero convinced his Tuscan peers to follow suit. Piazza pictures proliferated. Alas, Piero’s wide ground plain stretching towards a horizon was only used in art and his arguments about the significance of a plain were not appreciated in theory of perception until now. They were reinvented by Gibson (1950), Arnheim (1954) and Sedgwick (2003).    

The reason for the neglect of Piero’s ground plain in philosophy and science of perception over the centuries is likely because he offered an unsuitable theory of marginal distortions to accompany it. Why should a picture with a ground plain eschew wide-angle views? Piero argued that vision normally takes in only about 90 degrees and we are accurate within that window. Anything beyond that is unfamiliar to the observer. We do not know how to use it. Unfortunately, this theory is of no help in explaining marginal distortions. 

In Figure 1, the side-most quadrilaterals gradually stretch their proportions.  That is, it is not true that they are perfect until some threshold related to 90° is reached. Therefore, they do not behave as a theory of a 90° window of correct vision like Piero’s requires (Kubovy, 1986). They do not look perfect up to some limit and then look unintelligible. Rather they gradually change their appearance, fitting a geometrical law of gradually-changing proportions.  

Theories of a window of perfectly correct vision, surrounded by forma incognita, fail. But the idea that perception relies on visible surfaces, and the ground plain in particular, survives (Gibson, 1950; Kennedy, 1974). Let us examine how Piero’s useful plain is seen in practice.            

Consider first an observer standing in a real piazza (Figure 3), then one moving towards and away from a panoramic picture of the same piazza. Arnheim was persuaded that perception uses “abstract general principles” and “in the arts these take the form of elementary shapes” (Arnheim, 1986, p. 162). Likewise, let us seek here an abstract general principle to do with appearances -- a geometrical law of gradually changing proportions of visual angles applicable to an elementary shape, a square tile. 

----------------------------------------

Insert Figure 3 about here

-----------------------------------------

Let us imagine being the observer in the piazza. Look down. Consider how the square tile we are standing on projects to our eye. 

The square tile has sides running left-right or “east-west” (call this the width) and sides running at right angles to these (to-and-fro or “north-south” -- call this the depth). Each side subtends some angle at the eye. The ratio of the visual angles of two sides at right angles to each other (the ratio of depth divided by width) is a visual angle ratio for the tile. Every visible object has a visual angle ratio since every object has a depth and a width. 

The range of possible visual angle ratios is from zero to infinity, it can readily be shown. 

For a square on the ground directly below the observer, naturally depth divided by its width is 1. We could say it has a Relative Depth of 1. It also has a visual angle ratio of 1 (since the visual angle of the depth equals the visual angle of the width). In addition, looking at this square, an observer would perceive it as being square, that is, its apparent depth to width ratio, or “Perceived Relative Depth” = 1.

Now imagine a rectangle that is wider than it is deep, that is, it has a relative depth less than 1. If we put this rectangle on the ground directly below the observer, its visual angle ratio would be less than 1. If the perceiver sees this rectangle correctly, it would be perceived by an observer as having a Perceived Relative Depth < 1, i.e. as compressed with the long axis east-west. Since we are good at judging objects directly below us, such forms are perceived as compressed (i.e., wider than deep) if they have small visual angle ratios (less than 1). They are seen as square (i.e., as wide as deep) if they have visual angle ratios equal to 1, and as elongated (deeper than wide) if they have larger visual angle ratios (greater than 1).  

Now, consider a square that is directly in front of the observer, very far away, and slightly below the horizon, much like the top row in Figure 1. As the Figure suggests, the visual angle ratio of the tiles is small. Moreover, as Arnheim argued, as foreshortening increases, constancy begins to fail (Rogers, 2003). That is, some of the foreshortened tiles around us in a piazza look satisfactorily like tilted square tiles, but many of the furthest tiles look unduly compressed. That is, as tiles approach the horizon, and visual angle ratios become small, the more we see emphatically compressed Perceived Relative Depths. 

At the limit, when the tiles approach the horizon (infinitely far away), the visual angle ratios must approach the limit of 0. Slightly modifying Arnheim’s claim about the failure of constancy with distance, we can say: tiles approaching the horizon have especially small visual angle ratios and begin to look more and more compressed.

We have considered tiles ahead of the observer in this simple example. But what we have said about a column of tiles ahead of the observer applies much more broadly. Optical compression occurs for all the tiles surrounding the observer, in a 360° ring. Going out to the horizon on all sides, the same gradient applies in all directions – and “a gradient may be defined for our purposes as a perceptual quality in space” (Arnheim, 1954, p. 223), a general principle, a law of gradually-changing proportions in vision, applicable to an elementary shape, a square tile.

The tiles near where the observer is standing are well below the horizon. These are seen correctly. A circle of tiles near the horizon will be seen compressed to thin wedges. In the borders separating the squares and the thin wedges, tiles gradually transform from squares to wedges.  If the observer turns to look in various directions, he or she will see the same gradual transformation from a symmetrical form to a wedge in every direction on the plain. 

It is a consequence of the way we have measured perceived relative depth that tiles straight ahead compress from 1 (a tile below us) to zero (a tile on the horizon), but a distant square that is to one side of an observer will have a very large visual angle ratio.  The reason is that the dimension of the tile, we have called depth, shrinks especially quickly in visual angle ahead of us, but it is the dimension we have called width that optically compresses rapidly to one side, left or right. 

To be precise, depth shrinks ahead of us with the square of distance and width only compresses linearly with distance. Vice-versa to left or right. This is the geometric, physical fact to which we must seek an approximation in vision’s response. Physically, vision’s input is a set of angles in the optic array, not distances, and so our gradient should be expressed in angles.   

Compression’s operations can be seen in Figure 1. The tiles near the horizon have very small lines projected by their depth dimension (small visual angle ratios). The lower in the picture, the larger the line projected by the depth dimension.  

In the limit, a tile’s visual angle ratio would approach infinity.  Since tiles to the side in a real piazza have a highly foreshortened width dimension, their visual angle ratio will indeed approach infinity as they recede to the horizon.

In total, the visual angle ratio for a tile in a piazza, observed by a standing observer, can range from 0 to infinity, with 1 being specific to a square for objects on the ground directly below the observer.

Angle of declination

For an observer standing on a piazza, the immediate surroundings are tiles that look enviably, perfectly square, despite modest amounts of foreshortening that perspective applies to them. Vision credits them with shape (square), orientation (on a ground plain) and direction (out some way from directly below us). For these tiles, “projective distortions are observed only by the select few who have been trained to watch out for them” (Arnheim, 1986, p. 165). Rather, the gradient of projective changes triggers a percept of constant tiles receding horizontally, though “at a great distance human figures and objects often look not just small but too small (Arnheim, 1954, p. 223). The pattern of changes “determines…the world of objects in the picture….oriented with regard to the frontal plane,” plus, “it also establishes the range of space, that is, the location of the horizon.” (Arnheim,, 1954, p. 219).  

Let us put Arnheim’s proposals more formally. Since the same gradient of change occurs in all the 360° of directions around the observer, any given tile can be described as having an angular direction. If the direction to the horizon is taken as direction zero, the direction to a corner of the tile can be the tile’s declination in degrees. The tile on which the observer is standing has declination 90° below the horizon. Arnheim’s observations support the formalization that a visual angle ratio at a given declination is seen as a tile with a given proportion. 
The physics of ratios and declinations of tiles is perfectly determinate. For an observer of a given height, if we know the declination, we know the visual angle ratio of a square tile exactly. Since observers on a ground plain see objects at a distance, that is with small declinations, as looking unduly small, the visual system contains an approximation to correct perspective. Since the change in the apparent shapes of tiles occurs slowly in Figure 1, it is likely the visual system has a single, smooth function using both visual angle ratio and angle of declination. 

In Figure 1, gradual change in visual angle ratio and gradual change of declination from the depicted horizon are confounded. To test whether the change in perception that occurs in any column of tiles is affected by both declination and visual angle ratio, it is important to change the relation between the two. Figure 4 does just that. It shows the effects of change of eye height. It has what we can call adult, child and infant views. The same kind of transformation appears at all three eye heights. Careful tests show a formula that fits observer judgments of tile proportions – perceived relative depths – in Figure 1 also fits the panoramas in Figure 4 (Juricevic & Kennedy, 2006). 

---------------------------------

Insert Figure 4 about here

---------------------------------

Angle from normal

The circle of apparently-square tiles around an observer on a real, 3-D piazza needs to be related to the quadrilaterals that show the tiles in, say, a late Renaissance perspective picture. Arnheim’s comments on the adjustments painters made to help things look right need to be understood in more formal terms. Declination applies to an observer on a plain. It needs to be measured in a fashion suitable for an observer in front of a picture of a plain. The term we will use is “angle from normal.” The normal is the direction from the centre of projection to the nearest point on the picture.  For a vertical picture, this is the vanishing point on the horizon for horizontal tile edges receding in depth.       

In Figure 1, the vanishing point on the horizon, to which lines converge, is the “foot” of the normal on the picture surface. Generally, the horizon is information about the observer’s eye height and “the vanishing point is placed on the central vertical” (Arnheim, 1988, page 60) as in Figure 1. The set of quadrilaterals in the picture that suggests square tiles on the ground are gathered around the vanishing point in a crescent, like a smile, wide for the middle section of the picture and narrowing upwards to left and right with height in the picture plane (Figure 5).

---------------------------------------------------

Insert Figure 5 about here

--------------------------------------------------- 

Several factors produce the crescent of square-appearing tiles. The simplest factor is to do with extreme foreshortening. That is, the highest row of tiles in Figure 1 is subject to Arnheim’s rule that distant tiles look unduly compressed, as a result of extreme foreshortening. Near the horizon all quadrilaterals project as slim. They all look like horizontal slivers. 

A second factor is a modest one. It has to with projection and symmetry.  It adds the crescent’s upward pointing tips. Tiles at 45° to the observer on the plain are foreshortened. Their projections are diamonds with symmetry. Symmetry is a major influence in shape perception (Arnheim, 1954, p. 7). In his terms, it provides strength and resists deformation. It has no need for restoration to a simpler form (Arnheim, 1954, p. 11). The symmetrical diamonds appear to show equal-sided tiles. They offer more key properties of a square than the neighboring forms on the picture surface. However, at extreme distance they are so compressed, they stop looking rectangular. They appear like very sharp diamonds. 

Angles within the sharp diamonds on the picture surface are highly acute and highly obtuse. The very distant tiles they suggest likewise appear to have acute and obtuse corners, not right angles. Near the horizon all tiles are slim, and all tiles whose diagonals are aligned with the observer appear as sharp diamonds. 

The apparent compression of tiles with foreshortening and distance is a major factor, defining the broad region of the crescent, and the help gained for some tiles from symmetry is a minor one, defining the points of the crescent. Though both of these factors apply to viewing real piazzas and pictures, the next factor is entirely pictorial.   

The crescent of square tiles in Figure 1 has lower limits. The lowest row of quadrilaterals is “forelengthened” on the picture surface. This is easily seen in Figure 1. The figure is designed to have its center of projection in front of the middle of the horizon line in the picture and close to the picture surface. The reader of this text normally is viewing from much further. The correct viewing distance is shown by the line below the picture.

 At a viewing distance as short as the correct center of projection, to the observer’s eye the lower quadrilaterals would project strongly foreshortened. Despite being long on the picture surface, they would project very narrow angles to the observer’s eye. Being so foreshortened optically, they can all present the correct visual angle ratio to the eye, despite being long on the picture surface. At further distances, such as the one the reader is using, the vertical dimension of the quadrilateral subtends a large visual angle at the eye and the horizontal dimension subtends a small visual angle. The visual angle ratio is too large for a square tile. It suggests a rectangle longer than wide.        

Forelengthening is a pictorial phenomenon. It occurs in pictures of piazzas that ignore Leonardo’s rule. It is not possible on a real plain. Let us see why. 

The observer of a picture can be closer or further from the picture than the artist or camera that captured the projection in the picture. The original observer, artist or camera can only be in one place. One cannot be further or nearer than one’s own actual place. If we move, we change our own actual place. It moves with us.

Foreshortening occurs to real tiles and pictures. Forelengthening only occurs in pictures. That is, for a real piazza of tiles, visual angle ratios can only approach 1 but the projection of depth dimensions on the picture surface can be extraordinarily long (Figure 6). 

---------------------------------------

Insert Figure 6 about here

--------------------------------------

Figure 6 offers a cross section of a picture plane and a ground with square tiles. The observer is shown by a point close to a picture plane. 

Any tile near the horizon projects in a picture as a slim quadrilateral, a rectangle in the limit. This much is obvious. What is not so well known is the behavior of nearby tiles. A tile fully in contact with the picture plane perforce projects its width as a line equal in length to the width, i.e. 1 to 1. But, in Figure 6 its depth dimension, retreating from the picture plane, projects as a line longer than the line showing the tile’s width. This is the most severe source of the concerns addressed by Leonardo and Piero, and the rules Arnheim noted were not applied literally for centuries, requiring corrections from an artist’s own visual judgment to make the geometrical construction look more convincing. 

We can be quite precise about the division between tiles projected as foreshortened and those projected as forelengthened. Any tile with a declination between zero and 45° projects foreshortened optically and as a foreshortened quadrilateral on the picture surface. Tiles with a declination greater than 45° project forelengthened quadrilaterals on the picture surface even though they are foreshortened optically. 

The observer at the correct center of projection receives the correct optical projection for a square from every quadrilateral on the picture surface. If the observer moves away from the picture surface the forelengthened quadrilaterals become apparent and suggest long tiles, not squares. Conversely of course if the observer moves from the correct center of projection towards the picture surface the quadrilateral projects as if excessively foreshortened.

To these geometrical considerations, ones to do with vision must be added. Vision uses an approximation to perspective and is not exact. It provides, Arnheim noted, in-between percepts. In judging the proportions of tiles in Figures 1 and 3, Juricevic and Kennedy (2006) found subjects’ responses fit the equation: 

Perceived Relative Depth = A(Visual Angle Ratio) + B(Angle from Normal) + C,

with A approximately 10 times B, C close to zero, and angles measured in radians.

This formula is an example of inhomogeneity of visual space. Within a short space, vision can be full of constancy, but over very long distances vision cannot continue to be linear. We cannot tell the differences between tiles at very large distances on a plain because foreshortening is extreme. Vision’s procedures for achieving constancy in a picture cannot cope with all of perspective’s projections, only some.

Students of vision need to define formulas for observers’ responses to projections from a ground plain. One is the Juricevic and Kennedy (2006) formula for a picture. Another will be the formula for a single column of square tiles on a 3-D ground plain. It will fit responses that undershoot the square’s proportions with increasing foreshortening at small angles of declination. Another will allow especially-extensive constancy on a 3-D ground plain for tiles at 45° to the observer (i.e. with diagonals pointing to the observer, and foreshortening producing diamonds).

Toward a theory of everything

In our considerations so far we have applied Arnheim’s views to Piero’s piazza and dealt with perception of proportions of square tiles. To be complete, a formula for perception of angles of the tile corners would need to be added. All objects are defined by their lengths and angles, together, not just proportions of sides. 

In addition, piazzas of circular tiles need to be entertained. Vision may be tolerant in matters of constancy with rectangular forms, and harder on circular forms. Empirical research will tell. Further, square and circular tiles are flat of course, but the world is in 3-D and solid. A theory based on perception of flat forms may have clear implications for all the faces of solid forms, but the implications need to be made explicit and tested empirically (Arnheim, 1954, page 220). 

Judgments of lines on a picture surface are often affected by perspective in the picture, generating illusions. Arnheim (1954, p. 221) wrote a trapezoid on a picture surface can look like a rectangle, and yet simultaneously as itself. “It does and doesn’t”

look like a rectangle. Also, judged as a form on the page it looks “in-between” itself and the depicted rectangle, and judged as depicting a rectangle what we see is not a perfect rectangle. “We always perceive an in-between situation” (Arnheim, 1954, p. 221).  In a picture of a cube, acute and the obtuse angles in a diamond-shaped quadrilateral showing the top of cube are seen as closer to 90° than is veridical across a wide range of the perspective foreshortenings caused by tilting the cube.  

Vision depends on visual-angle ratios to generate impressions of the proportions of an object. But artists find they have to hold out paintbrushes and mark visual size on them to get useful, reliable estimates of visual angle. Errors in visual angle judgments are easily demonstrated. Hold your left hand out to your left, with arm straight, and hand vertical. How put your right arm, bent, to the opposite side, 180° to the left arm, with the right hand vertical. Keep the right hand’s distance from your eye about half of your left hand’s distance to your eye. Turning your head from one hand to the other, judge the relative visual angle of the two hands. Now, keeping the hands the same distance from your eyes, bring the arms front. Now judge the relative visual angle. The apparent visual angle difference of your hands with arms front is much greater than with arms 180° apart.

The apparent visual angle of the hands appears to be affected by information about the equality of the hands in linear size (size in cm). If so, inhomogeneity of visual space is a function of linear size information. Paradoxically, the size information that forces visual angle judgments to be full of error is itself a set of visual angles. Vision science needs to formalize and quantify these in-between effects.

 In sum, a complete theory of perspective will include visual angles, parts of ground plains, angle of declination, angle from normal, vision’s approximation to perfect perspective, influences from perspective on judgments of parts of picture surfaces, and judgments of visual angles. Arnheim points the way, and the Juricevic and Kennedy formula (2006) is an example of the abstract formula Arnheim’s conjectures will lead us to.

Figure captions

Figure 1.  A piazza of square tiles in a one-point perspective picture. The distance from the convergence point on the horizon to the correct center of projection is shown by the horizontal line below the picture.

Figure 2. Figure 1 cut to what would be shown if the picture is as wide as its distance from the correct center of projection, to explore Leonardo’s rule of thumb.

Figure 3. An observer standing on a piazza of square tiles. 

Figure 4. The piazza projected for an adult’s eye-height, a child’s and an infant’s.

Figure 5. The piazza and the crescent of forms on the picture surface that suggest equal-sided quadrilaterals.

Figure 6. Explaining forelengthening, by showing a cross-section through a picture plane.
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