Propositional Logic and Semantics

English is naturally ambiguous. For example, consider the fol-
lowing employee (non)recommendations and their ambiguity in
the English language:

e “[can assure you that no person would be better for the job.”

e “Allin all, I cannot say enough good things about this can-
didate or recommend him too highly.”

Goal: We want to be able to write formal boolean expressions
such that there is no ambiqguity.

For example,p —+ g —rmeans (p - q) > rorp — (g —>1)?

Propositional Formulas

e Formal expressions involving conjunctions and propositional
variables.

e We denote this set by Fp»y or simply F, and define F in-
ductively.



Slight Diversion - Defining Sets Inductively

Defining Sets Inductively
What does the following definition construct?
Let X be the smallest set such that:
Basis: 0 € X
Inductive Step: if r € X thenx 4+ 1 € X.
X s W
Q: How could we define the integers, Z?

Let Z be the smallest set containing:

Basis: O € Z

Inductive Step: 'va XEZ ‘M\(’r\ wt /€7l 4\/\0{
xX-led .

Q: How abou the rationals, Q?
Basis: 1D € ()
Inductive Step: ;'13 X y & Q
1. X+l € Q@
2. X~ €A

L Whee 4¥0

é) 3



Q: How abou the language of arithmetic, LA?
Let £.A be the smallest set such that:
Basis: Q € LA

Inductive Step: Suppose that =,y € LA then

1.(x+ﬂ>é LA @’*2/) S
2 (- E LA
3-(% *y) LA

ry)een
Why define sets by induction?
Consider the following conjecture:
Let e be an element of L.A.
N wlole s e4q. ¥ “1)
Let vr(e) represent the number of characters in e.

Let op(e) represent the number of operations, ie., characters
from {4+, —, %, =} ine.

CLAIM 1: Let P(e) be "vr(e) = op(e) + 1”. ThenVe € LA, P(e).

We can prove this using a special version of induction called
structural induction.



CLAIM 1: Let P(e) be *vr(e) = op(e) + 1”. ThenVe € LA, P(e).

We can prove this using a special version of induction called
structural induction.

Proof. STRUCTURAL INDUCTION oOn e:

1. Basis: Suppose e € Q, then \/r(ﬁ) =1 ,9% (e\=DO
IR Yle) holds.
2. Induction Step: Assume that P(e;) and P(e3) are frue
for arbitrary expressions in LA. Let e = e; &b ex Where

D € {_I_a _7*7+}' i\? O? (6
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Fpy is the smallest set such that:

Base Case:

e true and false belong to 7»y, and if p € PV then
p € Fpy.



Induction Step: If p and ¢ € F»y, then so are
e NEGATION: —p
e CONJUNCTION: (p A q)
e DISJUNCTION: (p V q)
e CONDITIONAL: (p — q)
e BICONDITIONAL: (p <> q)

A formula in Fpy is uniquely defined, i.e., there is no ambiguity.
(see the Unique Readibility Theorem in the notes.)

Q: What happens when a propositional formulais quite complex?
such as,

(A Vg—= (rAD))A=(sA(uV (vV(zV2)))))

This has lead to conventions that define an informal notation that
uses less brackets.



Bracketing Conventions
. drop the outer most parenthesis e.q,

Qx vctjo 4\ ok }oéo X VY

2. give A and V precedence over — and <> (like x, 4 vs.
<, =In arithmetic) eqg.,

(Xny) = [(T¥p) efuv Xny S xvp
3. give A precedence over \/ (similar to x vs. 4 in arithmetic)

P.,/\c{vr <PA%>V(_ (3)47/)*‘&“

4. group from the right when the same connective appears
consecutively, eq.,

SpOr gus p o> /g@r)

Q: Using these conventions, how can

/é(%p A y/\/ (g — ;{fr A t})) AN=(sA (uV §}v V Jx V zjﬁ))f

be simplified?

( p Ay Y (%7 >//\~P\> Sr\(uw\/v;(\/%\
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The Meaning of

Q: What is the difference between a propositional formula and a

propositional statement? X .
TrorfDS\‘/\'M'll 7(\r~/W\U\lK | £ (7“’\')7\6—)‘1 C .

Once Uth\-v-L uam‘ablu 0\\/\0\|/V\( d

%/MQ Or 705\][{ X l’\/\_\/( Q. SM‘\"\CJ\\C

S+t .
Therefore we need a method to determin-)g ’[Tlve‘:(z‘rutfj\\/alue of a

statement from the fruth values assigned to the propositional
variables.

e Let 7 be a fruth assignment, ie., a function.
T : PV — {true, false}.

e If p € PV and 7 assigns true to p, then we write

7(p) = true.

e How does 7 affect a propositional statement?

HBj{(/-(f—H\f’ S%J‘QM'CA'% W\{ﬁ"”\")j'

e We need a function that behaves like 7, but operates on
propositional statements.

o Let 7 : Fpy — {true, false}. What does this mean?
L _J
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We formally define 7* using structural induction:
Let Q, P € Fpy.
Base Case: P ¢ PV. Whatis 7*(P)?

T(?) .

Inductive Step

Now we assume that P, Q € F»y and that 7*(P) and 7*(Q)
return a value from {true, false}. Then:

T*(—lQ):{ true, if T*(&\ Ny -,Ca\le( ~

false, otherwise

. W _ o x¢ _
T*(QAP):{true, if TT(R) =T™(®> =Hne

false, otherwise

(QV P) Z{ e, i TX(Q) = T*(p) = tal=

true, otherwsise

Semantics
e Satisfies If 7*((Q)) = true, then we say that 7 satisfies Q.
e Falsifies If 7((Q)) = false, then we say that 7* falsifies Q.
e We can determine which truth assignments of the proposi-
tional variables satisfy a particular propositional statement

using a fruth table.
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Truth Tables

We will use {0,1} to represent {true, false}.

J
—p1 | P2 || PLADP2 | PLV D2 | P1 — P2 | P1 <> P2

)

I—*I—‘OOE
R OR OIS

)
O
Q: What does p1 — p> really mean?

M LAan S 'j/lkﬁ_’!' ,‘OLQ’J J~LS-J‘/V\Q l’+ /67-“]\/9
7. o Le done .

Example: Can we determine which fruth assignments + satisfy
(zVy) = (—xAz2)?

x| lylz||lxzVy| Az | (xVy) — (—xA2) T
— 000 5 O ) IXATNYATZR
=010 1) 5 | ] "'X’\’\\j/\%
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1101 | D

110 | O g
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So, (zVy) — (—x A 2) is true whenever

(—mx A—yA-z)or (mz A-yAz)or(—zAyAz)

are true.

Therefore,

(zVy) = (mzA2) & (mzA—-yA—2)V(mxzA—yAz)V(—~xAyAz)

A formula that is a conjuction or a bunch of As of propositional
variables or their negation is called a

DNF:

A formula is in Disjunctive Normal Form if it is the disjunction (V)
of minterms.

Example:

(mz A yA=2)V(—zA-yAz)V(—zAyAz)

is the DNF of
(zVy) = (—x A 2)

Q: What does the DNF construction tell us about all boolean
functions?
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